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1. Introduction

In [3] Kuperberg introduced the notion of stable equivalence of matrices over a ring,
under which the cokernel of a Kasteleyn or Kasteleyn-Percus matrix is invariant.
Let R be a commutative ring with unit. Let M be an n x k matrix over R, and
let M7 denote the transpose of M. Recall that any matrix M’ is called a stably
equivalent form of M if M’ can be obtained from M under the following operations:
general row operations,

M — AM

where A is an n X n invertible matrix over R; general column operations,
M — MB

where B is a k x k invertible matrix over R; and stabilization



and its inverse.

This paper is motivated by Kuperberg’s problem [3, Question 15] on the stable
equivalence property between the Jacobi-Trudi matrix and the dual Jacobi-Trudi
matrix of skew Schur functions over the ring A of symmetric functions. We assume
that the reader is familiar with the notation and terminology of symmetric functions
in [5]. Given a partition A, let £(\) denote the length of A. The Jacobi-Trudi matrix
for the skew Schur function sy, is given by
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(1.1) J/\/u = (h/\i—uj—iﬂ)i,j:w

where hj denotes the k-th complete symmetric function, hg = 1 and h, = 0 for
k < 0. The dual Jacobi-Trudi matrix for s/, is given by
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(1.2) Dy = (e/\é—uQ—iH). o

i,j=1
where )\ is the partition conjugate to A, e, denotes the k-th elementary symmetric
function, eg = 1 and e, = 0 for k < 0.

Theorem 14 of Kuperberg [3] states that Jacobi-Trudi matrix and the dual
Jacobi-Trudi matrix are stably equivalent over the polynomial ring. He asked
whether they are stably equivalent over the ring of symmetric functions. But we
note the the proof of [3, Thm. 14] actually shows that the Jacobi-Trudi matrix is
stably equivalent to the transpose of the dual Jacobi-Trudi matrix. Consequently,
Kuperberg’s problem [3, Question 15] should be stated as follows:

Kuperberg’s Question: Are J,,, and Dg\p/u stably equivalent over the ring of
symmetric functions?

In this paper, we will provide an affirmative answer to the above question. This
paper is organized as follows. First we review some concepts of outside decompo-
sitions for a given skew diagram. Utilizing the cutting strips for a given edgewise
connected skew shape as introduced by Chen, Yan and Yang [1], we demonstrate
how a twist transformation changes the set of contents of the initial boxes of border
strips in an outside decomposition, and how it changes the set of the contents of
the terminal boxes. In Section 3, we construct the canonical form of the Giambelli-
type matrix of the skew Schur function assuming that the outside decomposition is
fixed. Using this canonical form we establish the stable equivalence property of the
Giambelli-type matrix for the edgewise connected skew diagram. In Section 4, we
show that for a general skew diagram the Jacobi-Trudi matrix and the transpose of
its dual form are stably equivalent over the ring of symmetric functions.



2. Twist transformations

Let A be a partition of n with k parts, i.e., A = (A1, Ag,..., A\x) where \; > Ay >
o> N >0and A\ + X+ ...+ X, = n. We represent A by its Young diagram:
an array of boxes justified from the top and left corner with & rows and \; boxes in
row i. A box (i,7) in the diagram is the box in row ¢ from the top and column j
from the left. The content of (i, ), denoted 7((7,j)), is given by j —i. Given two
partitions A and p, we say that p C A if pu; < \; for all ¢. If g C A, we define a skew
partition \/p, whose Young diagram is obtained from the Young diagram of A by
peeling off the Young diagram of p from the upper left corner. The conjugate of a
skew partition A/u, which we denote by X' /p/, is defined to be the transpose of the
skew diagram \/pu.

A skew diagram A/p is connected if it can be regarded as a union of an edgewise
connected set of boxes, where two boxes are said to be edgewise connected if they
share a common edge. A border strip is a connected skew diagram with no 2 x 2
block of boxes. If no two boxes lie in the same row, we call such a border strip a
vertical border strip. If no two boxes lie in the same column, we call such a border
strip a horizontal border strip. An outside decomposition of \/u is a partition of the
boxes of A/ into pairwise disjoint border strips such that every border strip in the
decomposition has a starting box on the left or bottom perimeter of the diagram
and an ending box on the right or top perimeter of the diagram, see Figure 2.1 (d).
This concept was used by Hamel and Goulden [2] to give a lattice path proof for
the Giambelli-type determinant formulas for the skew Schur function.

Recall that a diagonal with content ¢ of \/u is the set of all the boxes in A\/u
having content c. Starting from the lower left corner of the skew diagram \/p,
we use consecutive integers 1,2,...,d to number these diagonals. Chen, Yan and
Yang [1] obtained the following characterization of outside decompositions of a skew
shape.

Theorem 2.1 ([1, Theorem 2.2]) Suppose that A/ is an edgewise connected skew
partition with d non-empty diagonals. Then there is a one-to-one correspondence
between the outside decompositions of A/ and the set of border strips with d boxes.

For each outside decomposition II, the corresponding border strip 7' is called
the cutting strip of II in [1], which is given by the rule: for i = 1,2,...,d — 1, the
relative position between the i-th box and the (i + 1)-st box in 7" coincides with the
relative position between the two boxes in the same border strip of II, one of which
is on the i-th diagonal and the other on the (i + 1)-st diagonal, see Figure 2.1.

Notice that the relative position between the i-th box and the (i + 1)-st box
of the border strip imposes an up or right direction to the i-th box according to
whether the (i + 1)-st box lies above or to the right of the i-th box.
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Figure 2.1 The cutting strip of an outside decomposition

From the cutting strip characterization of outside decompositions, one can obtain
any outside decomposition from another by a sequence of basic transformations
of changing the directions of the boxes on a diagonal, which corresponds to the
operation of changing the direction of a box in the cutting strip. This transformation
is called the twist transformation on border strips.

Let A/u be an edgewise connected skew shape. Let L be the diagonal of A\/u
consisting of the boxes with content . Throughout this paper, we will read diagonals
from the top left corner to the bottom right corner. Note that L must be one of the
four possible diagonal types classified by whether the first diagonal box has a box
immediately above it, and whether the last diagonal box has a box immediately to
its right. These four types are depicted by Figure 2.2.

Given an outside decomposition I = (0,0, ...,0,,) of A/ and a strip € in II,
we denote the content of the initial box of # and the content of the terminal box of
0 respectively by p(0) and ¢(0). Let ¢ be the cutting strip of II. It is known [1] that
0 can be regarded as the segment of ¢ with the initial content p(f) and the terminal
content ¢(#), denoted ¢[p(0), q(8)].

Given two skew diagrams I and J, let I » J be the diagram obtained by gluing
the lower left-hand corner box of diagram J to the right of the upper right-hand
corner box of diagram I, and let I T J be the diagram obtained by gluing the lower
left-hand corner box of diagram J to the top of the upper right-hand corner box of
diagram I. Suppose that the strip 6 has a box in diagonal L. Then 6 can be written
as ¢[p(0),i] » ¢[i + 1,q(0)] if L has the right direction, and 6 can be written as
olp(0),1] T oli + 1,¢(0)] if L has the up direction.
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Figure 2.2 Four possible types of diagonals of A\/u

Let w; denote the twist transformation acting on an outside decomposition II by
changing the direction of the diagonal L. Let

2-3) P = {p(01)>p(92)7“'7p(9n"L)}7
(2.4) Qu = {4(01).9(62),...,q(0n)}.

The following theorem describes the actions of w; on P and Q.

Theorem 2.2 Given an outside decomposition 11, let I1' be the outside decomposi-
tion obtained from I1 by applying the twist transformation w;. Then we have

(a) i ¢ Qu,i+1¢ Py, P =PnU{i+ 1} and Qu = Qu U {i}, or
(b) i€ Qu,i+1€ Py, Pv=Pu\{i+1} and Qu = Qu \ {4}, or
(c)i€Qu,i+1¢ Pu, Pv=P1and Qu = Qu, or
(d) i &€ Qu,i+ 1€ Pu, Pv = P and Qv = Q1.
Proof. Suppose that L has r boxes. Since the twist transformation w; only changes

the strips which contain a box in L, we may suppose that 6;,,1 < ¢t < r, is the
strip in II that contains the t-th diagonal box in L. Without loss of generality we



may assume that the diagonal boxes have the up direction, since we can reverse the
transformation process for the case when the diagonal boxes have the right direction.

Let ¢ be the cutting strip corresponding to the outside decomposition II'. Now
we see the changes of Py and (Qrp under the action of the twist transformation w;
according to the type of L:

(a) If L is of Type 1, then we have i & @ and i+ 1 ¢ Py;. As illustrated in Figure
2.3, under the operation of w;, the strip

0i, = $p(0:,), a(0:,)] = ¢[p(6:,), 1] T oli + 1,4(6;,)]
breaks into two strips
¢'[p(0:1), a(0:,)] = ¢[p(6:,), i] » i +1,4(6:,)]  and  ¢'[i +1,q(6;,)].
If > 1 then the last strip
0;, = $p(0;,), a(0:,)] = [p(6;,), 1] T ¢li +1,4(6;,)]
will be cut off into ¢/[p(6;, ), 4], and the other strips
0;, = 0[p(0:,), a(0:,)] = o[p(0:,),4] T ¢li +1,4(6;,)], 2<t <7 —1,
will be twisted into
¢'[p(0:.), 4(0i,.,)] = ¢[p(6i,), ] » Oli + 1, q(0;,.,)].

Thus
PH/:PHU{Z—I—l} and QH’:QHU{Z}

i1 1+ 1]

Figure 2.3 w; acts on a Type 1 diagonal L



(b)

If L is of Type 2, then we have i € iy and 141 € Py. Let 0; ., be the unique
strip of II with the initial content ¢ + 1. Under the operation of w;, the strip
0;, = &[p(6;,),1] becomes a part of the new strip

¢'[p(6:,), a(05,)].
The strip 6;.,, = ¢[i +1,4(6;,,,)] becomes a part of the new strip
¢'[p(0;,), a(6;,.,,)] = ¢[p(0s,), i] » oli + 1, q(6;,.,,)].
For 2 <t <r — 1, the strips
0i, = ¢[p(0i,), q(0:,)] = olp(6:,),4] T oli +1,4(6:,)]
will be twisted into
¢'[p(0:,), 4(0i,.,)] = ¢p(0:,), 1] » ¢[i + 1,4(0;,,.,)].

Thus
Py =Py \{i+1} and Qm = Qnu \ {i}.

If L is of Type 3, then we have i € Qp and 7 + 1 ¢ Py. Under the operation
of w;, the first strip 6;, = ¢[p(0;,),i] becomes

¢/[p(9i1>7 Q(elz)] = (b[p(eil)? 7’] > ¢[Z + 17 q(922)]

If r > 1, the last strip

- =0[p0;,),q4(0;,)] = o[p(0:.), 1] T oli +1,4(6:,)]
will be cut off into ¢'[p(0;, ), ], and the other strips

will be twisted into

¢/[p(6it>7Q(6it+1)] = (b[p(elt)?/l] > ¢[2 + 17Q(9it+1)]7 2<t<r—1.

0

Thus
P = P and Qmr = Q.

If L is of Type 4, then we have i ¢ iy and 141 € Py. Let 0; ,, be the unique
strip of IT with the initial content ¢ 4+ 1. Under the operation w;, the first strip

92'1 = (b[p(eil)? Q(621>] = ¢[p(921),2] T ¢[2 + 17 Q(ell)]

breaks into two strips
¢/[p(9i1)7 Q(elz)] = ¢[p(9i1)> Z] > ¢[Z + 17 Q(ezz)] and ¢,[Z + 17 Q(en)]
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The strip 6; ., becomes a part of the new strip

¢/[p(6T), QGT-H] = ¢[p(6T)7 T] > (b[l + 1, q(eir+l)]'

The other strips

will be twisted into

¢,[p(9it)7 q(eit+1)] - ¢[p(9it)7 Z] > ¢[Z + 17 Q(eitﬂ)]'

ir+1

Thus
P = P and Qv = Q.

3. Giambelli-type matrices for connected shapes

By using the lattice path methodology, Hamel and Goulden [2] give a combinatorial
proof for the Giambelli-type determinant formulas of the skew Schur function. In
this section, we prove the stable equivalence of the Giambelli-type matrices of the
Schur function indexed by an edgewise connected skew partition \/pu.

Given an outside decomposition II = (01,0, ...,0,,) of A/ and a strip € in II,
let ¢ be the cutting strip of II. Recall that the strip 6 coincides with the segment
o[p(0),q(0)] of ¢. Following the treatment of [1], given any two contents p, ¢ we may
define the strip ¢[p, ¢ as follows:

(i) If p < g, then @[p, q] is the segment of ¢ starting with the box having content
p and ending with the box having content g¢;

(i) If p=q+ 1, then @[p, q| is the empty strip (.

(iii) If p > ¢+ 1, then ¢[p, ¢ is undefined.

Hamel and Goulden proved the following result.

Theorem 3.1 ([2, Theorem 3.1]) The skew Schur function sy, can be evaluated
by the following determinant:

(3.5) D(TT) = det(Saip(6,),q00,)])1—1

where sy =1 and Sundefined = 0.



Let us denote the Giambelli-type matrix in (3.5) by M(II). Chen, Yan and Yang
[1] have obtained the canonical form of M (II):

C(H> = (Sfi)[pi,q]‘])?,ljzlv

where the sequence (p1,pa, ..., Pm) is the decreasing reordering of (p(61), p(6s),. ..,
p(0)) and (q1,q2, - .-, qm) is the decreasing reordering of (q(61),q(02),...,q(0m)).
It is clear that if sy, ¢ = 0 then sy, 4,0 = 0 and sp,,, ¢ = 0 for j < j" < m and
1<i’ <i.

Since M (II) and C(II) can be obtained from each other by permutations of rows
and columns, we have

Lemma 3.2 For an outside decomposition Il of the skew diagram \/u, the two ma-
trices M(I1) and C(I1) are stably equivalent over the ring A of symmetric functions.

In order to show that the two Giambelli-type matrices M (II) and M(II') are
stably equivalent over A, it suffices to prove that their canonical forms C(II) and
C(IT") are stably equivalent. To this end, we need the following lemma, which follows
from the combinatorial definition of Schur functions and is proved, for example, in

[4, 6]:

Lemma 3.3 Let I and J be two skew diagrams. Then

5187 = Siwg + Sr11J-
We now come to the main theorem of this paper:

Theorem 3.4 LetI1 and II' be two outside decompositions of the edgewise connected
skew diagram A/p. Then the Giambelli-type matrices M (11) and M(I") are stably
equivalent over the ring A of symmetric functions.

Proof. By Lemma 3.2, we only need to prove that C(II) and C(II') are stably
equivalent over A. Since any two outside decompositions can be obtained from each
other by a sequence of twist transformations, it suffices to prove the case when
IT" = w;(IT) for any twist transformation w;. Let ¢ be the cutting strip of 11, and let
¢' be the cutting strip of II'. We will only give the arguments for the case that the
box of content 7 in ¢ has the up direction. The case that the box of content i in
the cutting strip ¢ has the right direction can be dealt as the case that the box of
content 4 in the cutting strip ¢’ has the up direction. As in Theorem 2.2, there are
four cases:



(a) i € Qu,i+ 1 ¢ Py, Pr = PnU{i+ 1} and Qu = Qn U {¢}. Suppose that k
and k' are the two indices such that

pr > 1+ 1 and priq < i+ 1; while g > 7 and gy < 1.

Then the canonical matrix C(II) has the following form

Selp1,q1] T Sop1,q,/] 0 T 0

Solpr,q1] e Sopr,qx] 0 e 0
Solprinilloli+la]l " Solrrnillolitlay] Solrinawid] “° Solriiam] |
Slpm,ilToli+l,q1] " Selpm.ilToli+Lay]  Sélomawia] T Sélpm,am]

and the canonical matrix C(II') has the following form

S¢lp1,q1] T Sélp1,q5] 0 0 T 0

Sélpr,a1] T Sélpr,ax] 0 0 T 0

Soli+1,q1] T Seli+1,q,] 1 0 T 0
Solpesripdli+l,a] 7 Sprgr,iwolitlay]  Sélpri1il  Sélpesi.apa] T Sélpes1.am]
Solpmilwoli+l,q] T S¢[pm,il»li+1,q,/] Splpm,i] S¢[PM7qk/+1] e S¢[pm,qm]

For j : 1 < j < k' subtracting the (k' + 1)-st column of C(II") multiplied by
Sefi+1,q;) from the j-th column, then for j: k+2 < j < m + 1, subtracting the
(k + 1)-st row multiplied by sgp,, , 4 from the j-th row, we get the following
matrix due to Lemma 3.3

Selp1,a1] aE S$lp1,qu/] 0 0 a 0

Sopr,q1] T Sopr,qs] 0 0 T 0

0 e 0 1 0 ... 0
—Solprrnillglitlal T TSelpernilielitlay] O Solpkirapid] T Slprirsgm]
—Slpm,ilTélitLar] T TSpmiltelitlay] 0 Sélpmagid] T Sélpmigm

By multiplying —1 for the last m — k rows and the last m — k’ columns, then
permuting rows and columns, and the inverse operation of stabilization, we
find that the above matrix is stably equivalent to C'(II) over the ring A of
symmetric functions. Thus C(II) and C(II') are stably equivalent over A.

(b) i € Qu,i+ 1€ Py, P = Py \ {i +1} and Q- = Qu \ {¢}. In this case, we
only need to reverse the process of the operations of case (a), where w; is now
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regarded as a transformation from the right direction to the up direction. No-
tice that each inverse operation is still over the ring A of symmetric functions.
Thus C(II) and C(II') are stably equivalent over A.

(¢) i € Qu,i+ 1 ¢ Py, P = Py and Qv = Q. Suppose that k& and &’ are the
two indices such that

pr > 1+ 1 and ppyy < i+ 1; while gp = 1.

Then the canonical matrix C'(II) has the following form

S¢lp1,q1] T S@[p1,ar_1] 0 0 T 0
S¢[pk.q1] T Sé[prqur_1] 0 0 T 0
Sopri1,dToli+1,q1] " Sopry1,iloli+1l,q_1]  Sélprr1,il Sfi)[pkﬂ,qk/ﬂ] T SP[pkt1.am)
Solpm,ilTeli+La1] "7 Slpm,iltdli+ a1l SBlpmidl  Sélpm.gp ] T SPlpmagm]

and the canonical matrix C'(II") has the following form

Solp1,q1] T Sélp1,q,r_1] 0 0 T 0
S¢[pr.q1] T S@[pr,a_1) 0 0 T 0
Solpririlweli+l,al] " S@lpkiipdlitlay 1] Solpri1dl  Sélprkinaia] T Sélpri1,gm]
Sd)[pmvi]’(b[i‘i‘l,(h] T 8¢[pm,i}>¢[i+17qkuﬂ S(z)[vai] S¢[vaqk’+1} e S(z)[vaqm}

For j : 1 < j < k' — 1 subtracting the &’-th column of C(II') multiplied by
Sg[i+1,4,) from the j-th column, and then multiplying —1 for the last m —k rows
and the last m — k' + 1 columns, we obtain the matrix C'(II). This implies
that C(II) and C(II') are stably equivalent over A.

(d) i € Qu,i+ 1 € Py, P = Py and Qv = Q. We omit the proof here since it
is similar to Case (c).

4. Jacobi-Trudi matrices

In this section we will prove that the Jabobi-Trudi matrix and the transpose of the
dual Jacobi-Trudi matrix, for a general skew partition A\/u, are stably equivalent
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over the ring A of symmetric functions. Theorem 3.4 states that this is true when
A/p is edgewise connected, where we do not allow the existence of empty strips
in the outside decomposition II. The Jacobi-Trudi matrix Jy,, corresponds to the
Giambelli-type matrix M (II) when the cutting strip ¢ of II is a horizontal border
strip, and the dual Jacobi-Trudi matrix D)/, corresponds to the transpose of the
matrix M (IT) when ¢ is a vertical border strip.

For a general skew partition A/u, we need to be more careful when dealing with
the empty strip. Let ¢, = —A] + 1 and ¢puee = A1 — 1. Let ¢, (or ¢.) be the
horizontal (resp. vertical) border strip starting with the box having content ¢,
and ending with the box having content cpqe.. Let I = (61,---,0y)) be the
horizontal outside decomposition of A/u, where 6; is a horizontal strip of row i from
the (u; + 1)-st box to the A\i-th box. When \; = pu;, we take 6; to be the empty
strip. Clearly, each 6; corresponds to a substrip ¢p[pu; — i+ 1, \; — @] of ¢5,. Now we
see that the Jacobi-Trudi matrix Jy,, coincides with the transpose of the Giambelli-
type matrix M (II},) defined in (3.5). Similarly, let IT, = (6}, --- , 0} ) be the vertical
outside decomposition of A/, where 6/ is a vertical strip of column i from the \-th
box to the (u; + 1)-st box. When X\, = p}, we take 6] as the empty strip. Clearly,
each @) corresponds to a substrip ¢.[—\; + i, —pu; + i — 1] of ¢.. Then the dual
Jacobi-Trudi matrix D/, coincides, under permutation of rows and columns, with
the Giambelli-type matrix M (Il.). See the first and last matrices of the appendix
for an example. The following lemma is straightforward.

Lemma 4.1 Let \/u be a partition with N} = p}. Let p/v be the skew partition
obtained by removing the first column of the skew diagram \/u. Then the Jacobi-
Trudi matrices of \/u and p/v are stably equivalent over A, and so are the dual
Jacobi-Trudi matrices.

Therefore, we may assume that A} # p}. Let II be an outside decomposition
of A/, and let ¢ be the cutting strip of II. For i : ¢ < i < Cag, let w; denote
the twist transformation at the box of content ¢ from the right direction to the up
direction. Now we define the outside decomposition w;(II) by the following rule:

(a’) If A/ has both a box with content i and a box with content ¢ 4+ 1, then let
wi(IT) = (I \ OI®) U w;(TID), where T1% is the outside decomposition of the
edgewise connected region of A/ which has a box with content i and w;(I1®))
is defined as in Section 2.

(b”) If A/p has a box with content ¢ and but it does not have a box with content
i+ 1, then let w;(II) = II.

(¢’) If A\/u has neither a box with content ¢ nor a box with content ¢ + 1 while
it has a box with content less than 4, then let w;(IT) = IT U {¢[i + 1,i]} if
oli + 1,1] € 11, otherwise let w;(IT) =II\ {¢[i + 1,1]}.
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(d’) If A/ has a box with content ¢ + 1 and a box with content less than 4, but it
does not have a box with content 7, then let w;(IT) = II.

The following lemma is a direct verification of the action of w; on outside decom-
positions

Lemma 4.2 Let A\/p be a skew partition with N| # ). Let 11, and 11, be the
horizontal outside decomposition and the vertical outside decomposition of \/u re-
spectively. Then

e = Wepy1(Wemar—2(- - (Wepsn (L)) - - -))-

We now reach the following conclusion as an answer to Kuperberg’s problem |3,
Question 15].

Theorem 4.3 For a skew partition A/, the Jacobi- Trudi matriz Jy,, and Df/u are
stably equivalent over the ring of symmetric functions.

Proof. Clearly, Jy,, and Df/ ., are stably equivalent if and only if J/\T/ i and Dy,
are stably equivalent. Due to Lemma 3.2, we only need to prove that the canonical
matrices C(Il,) and C(IL.) are stably equivalent over A. Due to Lemma 4.1, we
only deal with the case of \| # u}. By Lemma 4.2, it suffices to prove that C(II)
and C(w;(II)) are stably equivalent under any twist transformation w; of the above
four cases.

Let P(IT) = {p1,p2,- .., pm} and Q(II) = {q1, 2, - - -, gm } be strictly decreasing.
Now we see the transformations between the matrices according to the type of w;.

If w; is of type (¢’), then the proof is similar to the proof of case (a) and (b) in
Theorem 3.4.

For the case of w; being of type (a’), the stably equivalent transformation will
be one of the cases of the proof of Theorem 3.4.

If w; is of type (b’), then i € Q(II). Now the proof is similar to the proof of case
(¢) in Theorem 3.4.

If w; is of type (d’), then i + 1 € P(II). Now the proof is similar to that of case
(d) in Theorem 3.4.

The above proof only gives the stably equivalent transformations from the Jacobi-
Trudi matrix to the dual Jacobi-Trudi matrix. In fact, we can also transform the
dual Jacobi-Trudi matrix into the Jacobi-Trudi matrix since each transformation w;
can be reversed.
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Combining all the above cases, we have completed the proof. |
To illustrate the proof of the above theorem, we take \/u = (6,5,3,1)/(4,4,3),

see the appendix.
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Appendix

For the partition \/p = (6,5,3,1)/(4,4,3), we have the following Young diagram:

Note that the Jacobi-Trudi matrix .Jy/, is the transpose of the first Giambelli-
type matrix, and the dual Jacobi-Trudi matrix D/, is equal to the last Giambelli-
type matrix rotated by 180 degrees. Therefore, the dual Jacobi-Trudi matrix can be
obtained from the last Giambelli-type matrix by permuting rows and columns. Here
we use [p, ¢] to denote the corresponding border strip in the outside decomposition.
The dots in the matrix represent 0.

Cutting strip and Canonical form of
outside decomposition Giambelli-type matrix
So 1
E3-2-1o0[1[2[3[4]5] s3 s1 -
{[47 5]7 [37 3]7 [17 OL [_37 _3]} 5 53 1
S9g St S4 S1
—2-1Jo0]1]2]3]4]5] s2 1
—_3 S3 S1 .
{1451, [3,3], [1,0], [3, =3]} s 83 1
S81 Se1 831 S1
S9o 1
:;o|1|2|3|4|5| s sy
__3 Sx S3 1

{[4,5],[3,3],[1,0], [-1, 2], [-3, 3]} st s sz 1

S712 Sz12 S9212 S12 S

0[1]2]3]4][5] sy 1

—1 S3 S1

z Sy S3 1

=3 s¢ sS4 st 1 -
{[4,5],13,3],[1,0], [0, —1], Se1  Sa1 Siz st 1

[—1,-2],[-3,-3]} 5613 S413 S14 S13 512 51

Continuing to the twist transformation, we have the following
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Cutting strip and
outside decomposition

Canonical form of
Giambelli-type matrix

1

2[3[4]5]

10
—1
— 2
=
{[47 5]7 [37 3]7 [07 _1]7 [_17 _2]7 [_37 _3]}

52
53
S51
S512
Sp14

1
S1
531

1

5312 S1 1

S314 S13 S12 S1

3[4[5]

LLLLL=]-
[LLGLL =)=

—
S
%)
‘w

S92

53

S4
S412
S413

S415

S1
82
5912
S913
S$9215

S12 1
s;3 s1 1
S15 S13 S12 S1

=)
I
=
I
—_
]
o )
[
“OJ
I
9
—

LLL[=]=]
|MHOI—II\DC«O

|
w

w
™
=

1
o
|
&2
——

52
83
831
5313
S314
S§316

S1
S12
S14
S15
S17

512 1
S13 81 1
S§15 S13 S12 81

=
I
=
I
s
I
ol Do e

LLLLL ==
|OJ[\DI—IO S e

{[375]7[271]7[07_'

|
—_

|
MAS)

|
o

|
=
—

521
5912
S914
S915

512
S13

S1 1

S917

S15 S13 S12 Sq

L[] =]re]eo] e
|OJ[\DI—IO e

{[5,5],13,4], [2,1], [0,

|
—

]7[__17__2]7[__37__3}}

S1
513
S14
S16
S17
S19

S12
513
S15
S16
S18

512 1
S$13  S1 1

S§15 S13 812 S1
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