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The Outline of This Talk I

- What is MacMahon’s partition analysis?

Previous work of Andrews et al.: the Omega package.
- A new approach to MacMahon’s partition analysis.

The field of iterated Laurent series.

- Magic squares (if we have time).




MacMahon’s Partition Analysis I

- Goal: to find solutions to a system of linear Diophantine equations

and inequalities, and lattice points in convex polytopes, and .......

- Idea: to introduce new variables A1, Ao, ... to replace the linear

constraints, so that the problem is converted into constant term

evaluations.

- Example: How many magic squares of order 3 are there?

- History: It has been given a new life by Andrews et. al. (2001) in

a series of papers.




‘ MacMahon’s (2 Operators I

Definition .

Z Z Asl, ST>\81 )\ir = i e i Asl,...,sra

Sp=—00 s1=0 s-=0

Q D o D Ag s A AT = Ao

S1=—00 Spr=—00

I\/@

Everything is treated analytically. The method relies on the unique

Laurent series representations of rational functions.

Guo-niu Han (2003) used a formal treatment: everything is in the
ring K[A, A~1][[x]], where A~ is short for (A;*,..., A7), and x is
short for (x1,...,x,).




An Example I

Find all nonnegative integral solutions to a1 + a2 — ag > 0.
Construct the generating function:

E xalyag Zag
ai,an,a3>0
a1+ag—agz>0
- Introduce a new variable \:
— E Q)\a1+a2—a3 xalyCLQ 03
>

ay,a2,as ZO o

0 E )\a1+a2—a3 xalyaz 03
>

- a1,a2,a3 ZO

:Q Z A4t 01, Z )\CLan,Q . Z )\ 943 503

Tal ZO GQZO 0,320




An Example (continue)

- Apply the formula for the sum of a geometric series:

1
Y=Yk

- Eliminate A by MacMahon’s many formulas (will be explained
later) to obtain

1 —xyz
(-2 -y)(d - z2)(1 - y2)

If weset zx=t,y=1t,z=1, we will get the generating function for

the number of the above solutions such that a; + as + a3 = n:

(1_t1);(t13_,_t)2 (TO be COIltiIlU_ed)




‘ Elliott’s reduction procedure I

Base case: If f()\) contains only nonnegative powers in A, then
Q> f(A) = f(1).

General case: Reduce to the base case by using Elliott Reduction
Identity:

1 1 1 1
: = : : —1]).
(1—azN)(1—yA=F) 1—ayN—F (1 VI y\—Fk )

In particular, we are going to use

1 o 1o, |
(1—a2N)1—yA" 1) 1T—ay\l—2aXx 1-—y\! '




An Example I

1

T ena i
(o,
(1 —22)(1 —y\) 1—2z/A
1 1 1
1—y)\.1—z/)\:(1—yz)< M - )

After simplifying, we get

OF — 1 —xyz
> (1—2z)(1-y)A - 2z2)(1-yz)

(End of the example)




‘ Multivariate Case 1/2 I

- Replace r linear constraints with A1, Ao, ..., A,.

- Convert the counting problem to

QF(Ala'“a)‘T)xla"‘?wn)?
>

where F' will be an Elliott-rational function:

_ polynomial in Aq,..., A,

T L@ b

where a; and b; are monomials (might be 0).
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‘ Multivariate Case 2/2 I

- Reduce r-variate case to 1-variable case by iteration, using:
Theorem (Elliott). If F' is Elliott-rational, then the constant

terms of F' in a field of iterated Laurent series are still

FElliott-rational.

Recall Elliott reduction identity

1 1 1 1
: = : : —1]).
(I—azN)(1—yA=F) 1—ayN—F (1 N 1o y\—Fk )




‘ Andrews et. al.’s Work on 1-variable Case I

George Andrews observed that MacMahon’s idea can be

implemented by computer: the Omega package.

He and his coauthors, Peter Paule, Axel Riese, and Volker Strehl,
have written 9 papers with many applications of MacMahon’s

partition analysis.
One approach:
Y/ A
> H1§i§n(1 — Az;) ngigm(l —Yi/A)

Pn,m,a(xla ey Iy Y1, - ,yn)

Il () T T (= 2ayy)

where Py, o(T1,...,2Zn;Y1,--.,Yn) is determined by a recurrence.
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‘ Andrews et. al.’s Work on r-variable Case I

Two technique difficulties about the above approach: The problem
about run-time explosion, and the problem about the roots of unity.

Another approach uses reduction by the formula:

1 B 1 <zﬂ SN . Skl @-Ai>

(1 —aN)(1—yXk) gyl —ak | 1 —a)\ 1 —yAF
where
—gkyi/k ifkliori=0
Q; = )
—y "x", otherwise
and (; is similar as «;. (End of Introduction)
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How I started on this subject - - - I

My advisor Ira Gessel taught me the following technique:

A
P = —me—2)
B 1/x N 1/y
(1 —y/z)(1 - 2x) (1 —z/y)(1 - 2y)
—|— Z
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When can we apply this technique? I

This technique gives the constant term immediately, while the

problems are,

1. Does the PFD always exist? — this requires the coefficients to

lie in a field.

2. The series expansion of a rational function is not always clear.

E.g., what is the series expansion of )\xl_y? my treatment to this

problem is to define a total ordering on the variables.

These motivated me to define the field of iterated Laurent

series.

13




‘ Definition of Iterated Laurent Series I

o A Laurent series over a field K is of the form ) -\ c,z", where
Ny is an integer, possibly negative, and ¢,, € K.

o The field K{(x1,z2,...,x,)) of iterated Laurent series is
inductively defined as K{x1,...x,_1))((x5)), with

K {z1)) = K((1))-

o An element in K{(x1,x9,...,x,)) is first treated as a Laurent

series in x,,, then a Laurent series in x,,_1, and so on.

o This means: for any positive integers i < j and k, z; = o(z¥). In

other words, x; is infinitely smaller than z;, whenever ¢ < j.
1
L1 — ZC?L

¢ In our settings, the expansion of is clear.
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‘ Iterated Laurent Series Was Mentioned by . .. I

% Physicists, e.g., Wilson, 1962, used the notation
1>z >---> 2,

to do integration in complex analysis.

x Stanley, 1974, used this approach in proving his well-known
Combinatorial Reciprocity Theorems.
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‘ A Natural Definition of the Constant Term I

Definition (Natural Definition).

 — . . Iil e o o ?;
T E : a’lla---,’bnxl xnn7

(il,...,in)EZ”,ij:O

where a;, ... ;, belongs to K.

The set of all formal series does not form a ring. We can not do
multiplications in it, so that the application of the constant term is

limited.

But as we shall see (in a minute), everything works fine when we

are restricted to the field of iterated Laurent series.
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The Fundamental Structure of K{(x1,...,z,))

The support of a formal series is the set of the powers in its nonzero
terms, which is a subset of Z™. For instance, the support of

202 +x129 + 5, is {(2,0),(1,1),(0,—1) }.

We use the reverse lexicographical order on Z".

Proposition (Fundamental structure). A formal series in x
belongs to K{x1,...,x,) if and only if it has a well-ordered
Support.

Fact: % Any subset of a well-ordered set is well-ordered
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‘ The Orders on the Variables I

Vv The idea of iterated Laurent series is to define a total ordering

on its variables.

A We can consider K{xs(1),---,Ts(n))), Where o is a permutation
on{l,...,n}.

¢ Rational functions may have different expansions in
K{xs1), ..., Ton))) for different o. For instance: the expansion of

1 1
in K{(x,y)) is different from in K{(y,x).

T+ Y T +y
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‘ New Approach to MacMahon’s Partition Analysis I

Here is how I apply the theory of iterated Laurent series to
MacMahon’s Partition Analysis.

e Fix a working field K (A, x)) := K{(A1,..., \r; T1,...,Zp)).
e Define a new operator PT to replace (> and Q-:
P)\T m;w Am A = r;::oam)\ .

MacMahon’s operators can be realized as:

QF(A,x) = PT F(A, x)‘
> A A=(1

Fe

F(A,x)=CTF(A,x) = PT F(A,x) .
A A A=(0,...,0)
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The One Variable Case I

e We reduce the problem into evaluating PTy F'(\) with

FO)) = polynomigl(A) |

[<ichn (M = 2)
where j; € P, and z;’s are independent of A\. Note that z;’s are
allowed to be O.

e Find the PFD of F'()\). Note that the idea of using PFD in this
context was first used by Stanley (1974), but was thought to be

impractical without using a computer.
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‘ Application of PFD I

Constant term can be read off as soon as we find the PFD.

Theorem . Suppose that the factors in the denominator of F' are

pairwise relatively prime, and that the PFD of F s

ey

1<s<n

where f(\) is a polynomial in A, and ps(N) is a polynomial of

degree less than js for each s. Then

ps(A)

P;F:f(A)+ )\js——zsj

S

where the sum ranges over all s such that Ns = o(zs).
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‘ Proof by Example I

Example: Consider

\? \°
F()\) — — —
(1 —=X2x1)(1 = A 3z9) (1 —A2x1)(A3 — x0)
C1 Sy i (0 Haead + X7)
= — + %
vy (1=20) A (1= 57)
1 1 323
Th TF(\) = — = 172
o C}\ (M) 21 + 1 (1 —213292) 1 — a2
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Finding the PFD: a Formula for ps(\)

Let
z] '—1 )\zk:bj —1—1
i )
where j' = j/ged(j, k) and k' = k/ gcd(j, k).
Theorem . The polynomial ps(N), as in the PFD of F', equals the

remainder of

FN —a,\F—b) =

P [ FOe =z, Mt = z),

i=1,i#s
when divided by Ns — z5 as a polynomial in \.

This result is a consequence of a new algorithm for PF'D, which we

will not discuss here.

23




Using the Previous Formula is a Fast Approach I

- Polynomial multiplication is fast.

- The remainder of p(A\) when divided by the special kind of

polynomial, (M — a), is fast. It can be obtained by replacing \?
with A4 medigld/il in p(\) for all d.

Example. The remainder of A0 divided by A\* — a is a?)\2. In this
case, d = 10 and j = 4.

In particular, when 5 = 1, we just replace A by a.

24




An Example I

A2 A
FN = 00— n %) ~ (0 = 1/a) O — a3)

Let a = 1/x1, b = x».

03 — B2 2\6 _ p2 N6 — g3
A2 —a)(X—b)  (A—a)(M¥-b) (A —a)(M-D)
A +D *
“ XN —a M
X34 AB A a’ + a”b)
A — = poly + 2 _ 4

A2 —a A2 —a
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The Run-Time Explosion Problem is Partially Solved'

We show by an example of computing Q> F'(A), where

1

F(b) = (1= A A321/A2) (1 — A Aaza/A3) (1 — A2 Azxs /A1)

This example comes from finding all triples (a, b, ¢) in N3 such that
they satisty the triangle inequalities.

Step 1. Fix the working field C{(A, 5, 22, 21)).
Step 2. Eliminate A3, we get

Os \, F(A) = AoAian
28 B ()\12331 — )\%333) <1 — )\12$2£E1> ()\1181 — )\2)
)\1)\22563

()\12561 — )\22373) (1 — )\223325133) ()\1 — )\21‘3)

26




Step 3. Eliminate Ao for the two summands separately (do NOT
combine the two summands):

A1 (A1 + x3) 22
(—5133 + )\12$2) <—1 + )\123325131) (xoxs — 1)
A1T3
(—373 + )\12562) (=14 x123) (—23 + A1)

QZ,A&)\QF(A) —

_|_

Step 4. Eliminate \; as in step 3, and simplify:

1+ x3x9711
(1 — 21315133) (1 — 332331) (1 — xgﬂjg) .

OF(A) =

(End of the New Approach)
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‘ Definition of Magic Squares I

A magic square of order n is an n by n matrix with distinct positive
integer entries such that every row sum, column sum, and (two)

diagonal sums equals to the same number m, the magic number.

A magic square is pure if the entries are the consecutive numbers

2
1 « 241
from 1 to n?, and hence it has magic number — Zz = nn” + )
n 2
8 1 6]
The Yu magic square is given by (3 5 7
4 9 2
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‘ Generating All Magic Squares of Order Three I

Theorem . Every magic square of order three, up to rotation and
reflection, can be written uniquely as 1A+ jC + kD, where v, 7, and

k are positive integers with 7 # k and

1 1 1 2 0 1 3 0 3
A=11 1 1|,C=101 2|,D=|2 2 2
11 1| 1 2 0 1 4 1
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