THE GENERATING FUNCTION OF TERNARY TREES AND CONTINUED
FRACTIONS

TRA M. GESSEL AND GUOCE XIN

ABSTRACT. In this paper, we give a continued fraction expression for the generating functlon of ternary trees
This proves a conjecture of Michael Somos about the Hankel determinant with entries —— +1 (‘)’") [Comment:

This needs to be rewritten in view of Tamm’s paper)

1. INTRODUCTION

[Comment: Some of the comments are material that needs to be rewritten or rearranged, rather than actual
comments.] [Comment: We may want to rewrite this section to emphasize the work of Tamm and de-emphasize
Somos.]

Let a, = #(BH") = (3“+1) be the number of ternary trees with n vertices and define the Hankel

. 2n+1 3n+1 n
determinants

( 1)
Vo = det (@i 41) 0<ij<n—1 (1.2)
( 1.3)

where we take ai to be 0 if & is not an integer. (We also interpret determinants of 0 x 0 matrices as 1.) The
first few values of these determinants are

n|l 2 3 4 5 6 7

U, [1 2 11 170 7429 920460 323801820
Va |1 3 26 646 45885 9304650 5382618660
Wall 1 2 6 33 286 4420

n = det al+])0<z J<n—1 (

W, = det (a Z+J+1)/2)0<z J<n—1" (

Michael Somos [19] conjectured that

(a) U, is the number of of cyclically symmetric transpose complement plane partitions whose Ferrers diagrams
fit in an n x n x n box,

(b) Vi is the number of (2n+1) x (2n+1) alternating sign matrices that are invariant under vertical reflection,
and

(c) W, is the number of (2n + 1) x (2n 4 1) alternating sign matrices that are invariant under both vertical
and horizontal reflection.

Mills, Robbins, and Rumsey [15] (see also [3, Eq. (6.15), p. 199]) showed that the number of objects of type
(a) is

— (3 + 1)( 2i
1:[ 4J;+] ()). (1.4)

Date: November 4, 2002.
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Mills (see [16]) [Comment: Check this reference!] conjectured the formula
6i—2
)
o (31
12(%0)

for objects of type (b) and this conjecture was proved by Kuperberg [12]. A formula for objects of type (c)

(1.5)

kel

K3

was conjectured by Robbins [17]. Tt apparently remains open, though a determinant formula for these objects
was proved by Kuperberg [12].

Tt turns out that it is much easier to evaluate Somos’s determinants than to relate them to (a)—(c). Tt is
easy to see that W, = U,V and Wapy1 = Un41Vy, so (modulo the proof of Robbins’s conjecture for (c)) it
is only necessary show that U, is equal to (1.4) and V,, is equal to (1.5) to prove Somos’s conjectures.

This was done by Tamm [23], who was unaware of Somos’s conjectures. Tamm used the fact that Hankel
determinants can be evaluated using continued fractions; the continued fraction that gives these Hankel deter-
minants is a special case of Gauss’s continued fraction for a quotient of hypergeometric series. [Comment: We
might want to move some of this to a later section.] The determinant V,, was also evaluated, using a different
method, by Egecioglu, Redmond, and Ryavec [4], and they gave several additional Hankel determinants for V},:

Vi = det (bi+j)ogi,jgn—1 = det (ri‘l'j)ogi,jgn—l = det (siy; (“))Ogi,jgn—l’

1 (3n+1

e (*"+?)

, and

where b, = ), Tn =

" k41 /3n—k+1
o0 =3 g (M)
k=0

where u is arbitrary. As noted by Egecioglu, Redmond, and Ryavec, s, (0) = b, s,(1) = ap41, and s,(3) = r,.
[Comment: Section numbers need to be revised eventually.)
In section 2, we shall use Tamm’s method to prove these evaluations, and also give companions:

det (ai+j+1)ogi,jgn—1 = Uny1 (1.6)
1 -
det (ri+j_1)05i,j§n—1: gU,—L, n > 0, (1()
where r_1 = %, and
1
det (5i+j—1(u))ogi,jgn—1 = EU”’ n >0, (1.8)
where s_;(u) = %
Note that r,_1 = %(Sn”), so (1.7) is equivalent to det ((3:))0<ij<n—1 =371y, for n > 0.
[Comment: We will use that fact that o
= l+7 1

uzr Z sn(u)z™ = 1+(1_u)f_ 1—uz(l+ f)?’

n=-—

where f = z(1+ f)®. Not that this implies Y . so(u)z™ = (f/z)/(1+ (1=u)f) = (1+ £)?/(1 —uz(1+ f)?),
so at u = 0 this s f/(r(l + f)) = (1+ f)%.] We also give a systematic application of the continued fraction
method to a number of similar Hankel determinants.

In section three we discuss a simple method, using generating functions, for transforming generating func-

U, = det ((’,ﬂ,)) (1.9)
2t—7j 0<4,j<n—1

tions, to show that
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i
Vi, = det <<’ tit )> (1.10)
21— 0<4,j<n—1

In section four we consider the Hankel determinants of the coefficients of
1= (1=92)!/3
3z '

We first evaluate them using continued fractions, and then show that the method of section 3 transforms them
into powers of 3 times the determinant

w(()n)
i-1 0<i,j<n—1

which counts descending plane partitions and alternating sign matrices. Similarly, the Hankel determinant
corresponding to

and

1—(1—9z)%/3
3z

is transformed to a power of 3 times the determinant

det <<Z+J> +(51]> ,
? 0<i,j<n—1

which counts cyclically symmetric plane partitions.

[Comment: We also have
0 =der ((5,77)) .
2= 0<i,j<n—1

So U, equals the number of n-tuples of non-intersecting paths from Py, ..., P,_1 to Qo,...,Qn_1, where
P; = (i,2i), and Q; = (2i,4) fori=0,1,...,n—1 (see [15] ). ]

[Comment: Consider the paths that stay below the line y = %T We know a, s the number of paths from
(0,0) to (2n,n). We have

a) The number U, equals the number of n-tuples of non-intersecting paths from Py, ..., Pn_1 to Qo, ..., Qn-1,
where P; = (=2i,—1), and Q; = (24,4) fori=0,1,... ,n—1.
b) The number V,, equals the number of n-tuples of non-intersecting paths from Py, ... , P,_1 to Qq, ..., Qn—-1,

where P; = (=2i,—1), and Q; = (2{ +2,i+ 1) fori=0,1,... ,n— 1.
]

2. HANKEL DETERMINANTS
Let A(z) =3, v Anz" be a formal power series. We define the Hankel determinants H,(Lk)(A) of A(z) by
HF)(A) = det (Aig;)

7

0<i,j<n—1"

We shall write H,(A) for H,QO)(A) and H,ll(A) for H,gl)(A). We also define ﬁn(A) to be Hn(A($2)). It is not
difficult to show that Ha,(A) = Hu(A)H)(A) and Hapyi(A) = Hagp1(A)H)L(A).

[Comment: Hyp(A) was originally defined to be a determinant indexed from 0 to n instead of 0 ton — 1. I
changed this for consistency, so that something with subscript n is always an n x n determinant.]

[Comment: In the present paper, we are trying to find a nice formula for the Hankel determinants of the
generating function g(x) for ternary trees.

OEDY 2711—{— 1 <3nn> =" (2.1)

n>0
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which is uniquely determined by the functional equation
g(z) =1+ zg(x)?. (2.2)
Let

)=o) —1= 3 e () (23)

Then f(x) is a formal power series with constant term 0, satisfying the functional equation
f= 93(1 + f)3
]
In general, it is difficult to say much about H,(A). However, if A(z) can be expressed as a continued
fraction, there is a very nice formula.
We use the notation S(z; A1, A2, As,...) to denote the continued fraction
1
S(Jf;)q,/\g,)\g,,...)z Y (24)
1T
- Aax
1— 2

p_ o2

The following theorem is equivalent to [9, Theorem 7.2].
Lemma 2.1. Let A(z) = S(z; A1, A2, As,...) and let py; = Ay Ao+ X;. Then forn > 1,

Hn(A) = (MA2)" " (AsAa)" "+ (A2n—3Xon—2) = popta -+ pan—2 (2.5)
H,ll(A) = /\711(/\2)\3)”_1 s (Aon—2Aan—1) = pips o pon—1 (2.6)
H(A) = XP 7N 72 A2 o damt = papin o o1 (2.7)

Then the evaluation of the Hankel determinants (1.1)—(1.3) will follow from the continued fraction for
3n n
3. Gauss’s CONTINUED FRACTIONS

We define the hypergeometric series by

2 F1 (a,i :L‘> =9F (a,b;clz) = Z %m",
n=0 ’ n

where (u), = u(u+1)---(u+n—1).
Gauss proved the following theorem [9, Theorem 6.1], which gives a continued fraction for a quotient of two
hypergeometric series:

Lemma 3.1. If ¢ is not a negative integer then we have the continued fraction
oF1 (a,b+1;e+ 1 Z)/gFl (a,byc]| ) = S(x; A1, Ae, .. .), (3.1)

where

(a+n—-1)(c—b+n—1) n—19
(c—l—?n—?)(c-l—?n—l_)’ ey
(b+n)(c—a+n)

Aoy = , =1,2,....
2 (c+2n—1)(c+ 2n) "

Combining Lemmas 2.1 and 3.1 gives a formula for evaluating certain Hankel determinants.

)\Zn—l =
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Lemma 3.2. Let
A(x) = 2F1 (a,b+ 1;¢4+ 1| pl’)/2F1 (a,b;c| px).

Then

Proof. By Lemma 3.1, A(z) has the continued fraction expansion A(z) = S(z; A1, As, -+ +) where
(a+n—-1)(c—b+n—-1)

Ao, 1 =
-1 (c+2n—2)(c+2n—1) Py
N (b+n)(c—a+n)
n = (c+2n—1)(c+2n)p'
Then
MS...M_l:MPi
(c)ai
and

(b+ l)i(c— a—+ l)i i
(c+ 1) '

AoAg o Ao =

So with the notation of Lemma 2.1,

(a)i(c=b)i(b+1)i(c—a+ 1)ip2i

M2 = Ao Ay = (c)aile+ 1)a

and

(a)i(e =b)i(b+1)i—1(c—a+ 1) 1,

i =M )\z— =
Hai—1 112 2i—1 ((3)21'((5+])2i—2

Then (3.3) follows immediately from (2.5), and (3.4) follows from (2.6) with the identity (¢)a2i(c + 1)2s

(€)ai—1(c 4+ 1)25-1, and (3.5) follows easily from 3.4.

There is also a simple formula for H,(LQ) (A), although we will not need it.
Lemma 3.3. Let Q(a,b,c|x)=oF i (a,b+ 1;e+ 1| x)/2F1 (a,b;c| x). Then

cla—"b)  blc—a)
a(c—=5)  a(c—1b)

Qb,a,clz)= Q(a,b,c| z).

Proof. The formula is an immediate consequence of the contiguous relation
cla="b)2F1 (a,b;c|x)+b(c—a)aFi(a, b+ L;e+1|a)+alb—c)oFi(a+ 1,b;e+1]2) =0,
which is easily proved by equating coefficients of powers of z.

Equivalently, Lemma 3.3 asserts that ca 4+ b(c — @)Q(a, b, ¢ | z) is symmetric in a and b.

-2

(3.4)

(3.5)
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Proposition 3.4. With A(z) as in Lemma 3.2, we have

9 _fale=b) (a4 1)p(c=b+1)n b(c—a)
H2(A) = <c(a b (b+ ulc—a+1), cla— b)) Hu1(4).

Proof. First note that if u(z) = o + fv(z), where o and § are constants, then
Huyi(w) = 8" Hopa (v) + af" B (v),

50
1
T apr
Now take u = Q(b,a,c | z) so that by Lemma 3.3, v = Q(a,b,c | ), where & = ¢(a — b)/a(c — b) and
B =b(c—a)/a(c —b). Then by Lemma 3.2, we have

Hn 1 (u) ﬁ((ﬁ”)z’ ()i (c=b+1);i (c—a)

Hor (0) = 2 Hoga (0) (3.6)

Hupi(v) o (@) (b+1)i (e=b)i (e—a+1)

3

B b(c a‘ (a+1)(c—b+1) B b(c—a) n(a—l—l)n(c—b-l-l)n (3.7)
_Z,:la b—{—z)((’—a—{—z)_ a(c—b) (b—{—])n(c—a—+—])nJ o
and by (3.6) we have
HSIQ)(U) _a(c—1b) [a(c_ )]” Hpg1(u) B b(c—a) (3.9)
T ()~ ca=b) [de=a)] Taps(v) ~ cla=b)
The result follows from (3.7) and (3.8).
| |
Tamm [23] evaluated the determinants U,, and V,, by first showing that
= 2 43 27 211
nz::Oanl’ =F <§;§;§ | Z$> /2F1 <§ 33 | — ) (3.9)
Given (3.9), it follows from Lemma 3.2 that
U - T @) (3 (§>22
ey (3)2i(2)2 4
and
m:ﬁg@ﬁm%eﬂ<ﬁy
i=0 3 (Q)Zi(_Q)Qz 4
So the result will follow from
QU@ (1) @re nio 2 510
(1)2i(2)a 4 (44 1)! (44)! o
and
' <62 - 2)
2 (3)i(3)i(5)i(=3)s <ﬁ>2 _ N2 (3.11)
3 (Hail—%)a 4 2(‘” - 1)
21
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for i > 1. These identities are most easily verified by using the fact that if Ay = By and A;41/A; = Biy1/B;
for i > 1, then A; = B; for all 4 > 1. Tt is interesting to note that although (3.10) holds for i = 0, (3.11) does
not.

4. HYPERGEOMETRIC SERIES EVALUATIONS

Let f =307 jana™ =Y o0y 2n1+1 (SH”) z™. In this section we study cases of Gauss’s continued fraction (3.1)

that can be expressed in terms of f. We found empirically that there are ten cases of (3.1) that can be expressed

as polynomialsin f. (We believe there are no others, but we do not have a proof of this.) Since a # b in all of
these cases, by Lemma 3.3, they must come in pairs which are the same, except for their constant terms, up
to a (‘on@‘ran‘r fa(“ror It turns out that one element of each of these pairs factors as (14 f)(1 + 7 f), where r is
0,1, 2 5, ,), or 5, while the other does not factor nicely. We have no explanation for this phenomenon.

Note that (4.1a) is the same as (3.9).

Theorem 4.1. We have the following cases of Gauss’s continued fraction:

I+ f=2F <§; %’% | ?m) /2F1 <§, %;; | ¥I> (4.1a)
(14 1) =2k <%,§,%|¥ >/2F1 (%,g,%|¥x> (4.1b)
a+na+in=or (350150 [om (3521 5e) (410
1+H0=3f) =2 <g; g,% | %1) /2F1 (%, %,% | %T) (4.1d)
(+n0+in=ori (35315 [om (2331 5e) (4.10)
Their companions are
- %fz 2 F (%, g,% | %T> /zF (%, %,% | %T) (4.2a)
I+ if+ 5/ =2F <§,g,;|¥ﬂ> /2F1 (;%%l%m) (4.2b)
L+ 8f+ 2 =2k <§,§,g|¥l‘) /2F1 (%,g,g|¥$> (4.2¢)
1= 2f+ 22 =R <%§g|¥m> /2F1 (gg;%.ﬁ) (4.2d)
L+ 5f+ 7/ =2k (%ggl%a) /zF <%§%|¥m> (4.2¢)
In order to prove Theorem 4.1, we need some for functions related to f that are easily proved by Lagrange

mversion.

Lemma 4.2. Let f =57, 2n+1 (sn)x” Then f satisfies the functional equation f = z(1+ f)?
ZOO k{ 3n
k’ = —_— x" 4'

U+ N Q- (B3n+kY .
ﬁ:;( . >m (4.4)
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In particular,

123 27
I+ f=2k (g;gﬁ | Z“«') (4.5)
14 f 121 21
1—2f:2F1 <§;§;§|Zl’> (4.6)
(14 /)2 423 97
ISR A (1)

Proof. We use the following form of the Lagrange inversion formula (see [6, Theorem 2.1] or [8, Theorem 1.2.4]):
If G(t) is a formal power series, then there is a unique formal power series h = h(z) satisfying h = 2G(h), and

[z"] h* = %[t”_k] G(t)", for n,k >0, (4.8)
k
["] #Gl(h) =[t""* G ()", for n,k > 0. (4.9)

Let us define f to be the unique formal power series satisfying f = z(1+ ). With G(t) = (1 +1)3, (4.8)
gives (4.3), and the case k = 1 gives that the coefficient of ™ for n > 1 in f is l( 3n ) =1 (Sn”)

n\n—1 2n+1
Also, (4.9) gives
fi e 3,
1—3z(1+ /) =2 n—j)"

n=j

Replacing f by z(1 + f)? in the numerator, and replacing z(1 + f)? by f/(1 + f) in the denominator, gives
(14 f)3i+t 3n n
—_— T
n—j

1—2f
31+ 35\ nyj
0 n ’

NE

kel

1l
<.

M

n

SO
3j+1 o0 ;
1-2f o n
Since the coefficient of ™ on each side is a polynomial in j, we may set j = k/3 to obtain (4.4). [ |

Proof of Theorem 4.1. Formulas (4.1a)—(4.1e) follow from the evaluations of their numerators and denomina-

tors: (4.5), (4.6), (4.7), and

o1 (53501 5 ) = L+ 020+ 30 (4.10)
MEMEARTT:
" (ggg | 24_7) _ (H?i(;f /) (4.12)
VP (%g% | 24_7> - % (4.13)
o Fy G gg | 24—71:) = (lJr(f)_s(;f;jf). (4.14)
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Our original derivations of these formulas were through the 5 F; contiguous relations [1, p. 558], but once we
have found them, we can verify (4.10)—(4.12) by by taking appropriate linear combinations of (4.3) and (4.4).
Formulas (4.13) and (4.14) can be proved by applying the formula

)
oFi(a+ 1,6+ e+ 1]2) = L—gFl (a,b;c| x)
T abdzx :

to (4.6) and (4.7) and using the fact that df /dz = (1 + f)*/(1 = 2f).
Formulas (4.2a)—(4.2e) can be proved similarly; alternatively, they can be derived from (4.1a)—(4.1le) by
using Lemma 3.3. [ |

Now we apply Lemma 3.2 to the formulas of Theorem 4.1. First we normalize the coefficient sequences that
occur in (4.1a)—(4.1e) to make them integers, using (4.3) to find formulas for the coefficients. We define the
sequence Gy, bn, ¢n, dn, and e, by

1+f:§;%ﬂl “”:nugﬁiﬂ:2n11<?>
(1+ﬁ2=§;%f‘ bnzwﬂﬁiggin!:ni1<%iﬁ>
I+ 02+ 1) = im o =20 +(?;’;!)(!2n)! = <3:> = o+ by
1+ HE2- ) :ni;odnm" dn:2(n+1§?’8;+1)! ~ 34, — b,
ﬂ+fﬂ5+%j:§i%m” e = (9n 4 5) 1) - = 3a, + 2,

(n+ )1 (2n+1)

3
1l
=)

Here is a table of the first few values of these numbers

nl0 1 2 3 4 5 6 7

an |1 1 3 12 55 273 1428 7752
by |1 2 7 30 143 728 3876 21318
en |2 3 10 42 198 1001 5304 29070
d, |2 1 2 6 22 91 408 1938
en |5 7 23 96 451 2275 12036 65892

The sequences a, and b, are well known, and have simple combinatorial interpretations in terms of lattice
paths: a, is the number of paths, with steps (1,0) and (0, 1), from (0,0) to (2n,n) that never rise above (but
may touch) the line = 2y and b,, is the number of paths from (0, 0) to (2r, n) that never rise above (but may
touch) the line 2 = 2y — 1 (see Gessel [7]). [Comment: give reference] Moreover, for n > 0, d,, is the number
of two-stack-sortable permutations of {1,2,... ,n}. (See, e.g., West [24] and Zeilberge [25].) The sequences ¢,
and e, do not seem to have been studied.

Applying ... we obtain
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n—1 %
Ho(a) = (3)i(8)i(3)i(R)s <§ ’
bl (3)2i(2)2i 4
" 13 (9)2il—g)2 4
. = T EHD D 21y
o (3)20(3)2 4
i = T DA (or)?
" L1 (B)2i(5)2 4
n—1 - %
e = T 2D, o
7 - 7
paies (3)2i(3)2i 4
H(e) = ﬁ (3)i()i(3)i(3)i <§>2Z
" i=1 (;)21(3)21 4
no1(5y.(1). (7 (5 2i
o = T2 BB ()
oo (3)2i(3)a 4
noo5y 1y 4y 1 2
H—rll(d):(_l)nH(S)Z(SG)Z(gl)Z( 6)1 <§>
o (3)2i(g)a 4
Hole) = "_15(%)2'(%)2'(%)2'(%)2' (ﬂ)m
Uy ey, \a
mro(3)i(8)i(5)i(R)i (27>21
Hp(e) = [ [ 235535 [ —
@ =g 0de G
Here is a table of the values of these Hankel determinants:
nll 2 3 4 5 6 7
Hy(a) |1 2 11 170 7429 920460 323801820
H,ll(a_) 1 3 26 646 45885 9304650 5382618660
H,(b) |1 3 26 646 45885 9304650 5382618660
H,ll(b_) 2 11 170 7429 920460 323801820 323674802088
Hy(e) |2 11 170 7429 920460 323801820 323674802088
H,ll(c) 3 26 646 45885 9304650 5382618660 8878734657276
Hy(d) |2 3 10 85 1932 120060 20648232
H,ll(d) 1 2 10 133 4830 485460 136112196
Hn(e) |5 66 2431 252586 74327145 62062015500 147198472495020
H,ll(e) 7 143 8398 1411510 677688675 928501718850 3628173844041420

It is apparent from the table that U, = Hp(a) = ot (b)) = Hp-1(c) and that V,, = H,ll(a) = H,(b) =

n—1
H) _i(c), and this is easily verified from the formulas. The combinatorial interpretations of U, and V,, have
already been discussed. The numbers H,(e) were shown by Kuperberg [12, Theorem 5] to count certain

alternating sign matrices. In Kuperberg’s notation, H,(e) = Agl)j(lln; 1,1,1).

We also have the Hankel determinants corresponding to 4.2a—4.2e, normalized to make the entries integers.
None of these seem to have appeared in the literature. ...
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We can also prove the Hankel determinant evaluations for Egecioglu, Redmond, and Ryavec’s polynomial

n

k1 (3n—k+1\ ,
sl =3 L (M

k=0

mentioned in Section 1 ...

5. DETERMINANTS AND TWO-VARIABLE GENERATING FUNCTIONS

In this section we describe for transforming determinants whose entries are given as coefficients of generating
functions.
Suppose that we have a two-variable generating function

D(l‘, y) = Z dih]'a:iyj.
n=0

Let [D(z,y)], be the determinant of the n x n matrix

(dij)ogij<n-1-
The following rules can be used to transform the determinant [D(z,y)], to an equivalent determinant.

Constant Rules. Let ¢ be a non-zero constant. Then
[CD(‘an)]n = cn[D(x,y)]n, (5.1)

and

[D(cz, y)]n = G [D(z, y)]n. (5.2)
Product Rule. If u(z) is any formal power series with u(0) = 1, then

[u(z)D(z,y)]n = [D(z,y)]n.
Composition Rule. If v(z) is any formal power series with v(0) = 0 and +/(0) = 1, then

[D(v(2), y)ln = [D(x, y)ln-

The product and composition rules hold because the transformed determinants are obtained from the original
determinants by elementary row operations. Note that all of these transformations can be applied to y as well
as .

The Hankel determinants H,(A) and H!(A) corresponding to a formal power series A(z) are given by

Hn(A) = [W]n : (5.3)
Hl(A) = [%‘:‘(9)]” . (5.4)

One application of the method of generating functions is to evaluate the Hankel determinant Hy(g) and
Hy(9)-
The generating function for the Hankel determinant H,(g) is
zg(z) —y9(y)
T —y '
If we make the substitution  — 2/(1+ 2)3,y — y/(1 + y)?3, this generating function becomes

(I—=zy)(1+=)(1+y)
1 —zy? — 3zy — x2y
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Then dividing by (1 4 z)(1 + y), we get
1—zy

1—zy? —3zy— 2%y’
Next, we show that

l—ay (i)
1—xy2—3xy—:c2y_z<2i—j)$yj' (55)
Multiplying both sides of (5.5) by 1 — zy? — 3zy — 2%y and equating coefficients of z™y" shows that (5.5) is
equivalent to the recurrence

1, fm=n=0

m+n m+n—3 3 m+n—2 m+n—3\ L ifmen—1
om—-n) \2m-n ) "Om-n-1) \m-n-3)" ) lm_.n_
0, otherwise

where we interpret the binomial coefficient (“

b) as 0 if either a or b is negative, and the verification of the

recurrence is straightforward.
Thus Somos’s first Hankel determinant is equal to

()
2= 0<4,j<n—1

The generating function for Somos’s second Hankel determinant is

(9(x) —g(W)/(z —y).

Making the same substitution as before gives

(1+2)*(1 +y)°
1—2y? — 3zy — 22y’

Dividing by (1 + z)?(1 + y)? gives
1+z
1 —2y? — 3zy — 2%y

)

which can be shown, by the same method as before, to equal
LN

S ()

o~

Thus Somos’s second Hankel determinant is equal to

SN
det <l +,J +, ) .
21— 0<i,j<n—1

The more general determinant det (z;f_"}r) has been evaluated. A good account of this can be found in [10]

[Comment: Give more specific reference] [Comment: We should give the generating function for det (Z;J_'I;r) ]

It is natural to ask whether this more general determinant can be evaluated by our method.

So far we have not succeeded in doing this. However, we have been able to transform the case r = 2:
Consider the generating function

-2 -2
g\x A
a(y) + M’
r—Yy

which is very similar to a Hankel determinant. If we apply the same transformation as before, then we will get

1-|-3x-|—a:y—|—a:2
1—zy? —3zy— z2y’
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which is also equal to
2 ()
Z p—
i J
This is the case r = 2 in equation (5.6).
For the general case we have the the generating function

ey ELE) ()

v

1 —zy® — 3zy — z%y (5.6)

Note that if r = 0 and n = 1 then (T;'nn__f) = (_11) must be interpreted as —1, as usual. Moreover, if r is a

nonnegative integer then the numerator is a polynomial. The sums in the numerator can be evaluated explicitly
by making an appropriate substitution in the identities

i r+n (—4sin? )" = cos(2r + 1)0
2n N

cos f
n=0

and
[ee)

) — 2
nz—:(] <r;n_ 1 ) (—4sin” )™ = —2tan fsin 2(r — 1)4.
But we have not been able to take this any further.
[Comment: This suggests a trigonometric substitution; if we set * = —4sin® a and y = —4sin® B then 1 —xy® —
3zy — 22y becomes (3 — 2 cos 2a — 2 cos 23 + cos(2a + 28)) (3 — 2 cos 2a — 2 cos 23 + cos(2a — 23)). Actually this
factors into four factors. If instead we make the substitution z = 4sinh? u, y = 4sinh?t then 1—zy? —3zy—2z’y
becomes (e'T" 4 e7t7" — f=U) (! U e tmU — U=t (b Y — P U — U=t (eI — P " — e"=). Now, if we make
the further substitution ¢! = \/1+ z, e¥* = /1 4+ w, then 1 — xy? — 3zy — x%y becomes
(I4+z4+w)(l+ 24+ zw)(1 + w4+ zw) (1 — zw)
(14 2)%2(1 + w)? ’
This corresponds to x = z2/(1+z), y = w?/(1+w). One problem is that a transformation like this, that starts
with a quadratic power, changes the determinant to (. However, it may still be possible to do something. It is
probably possible to do some sort of partial fraction expansion of 1/(1+z+w)(14+z+zw)(1+w+zw)(1—2w) that

will give a determinant with reasonable coefficients. If we just let Maple do a straightforward partial fraction
expansion in w, and factor out a function of z, we get that

(14+2) (1 =2)(1+z+ 23 (2 +2)(1 + 22)
(IT+z4+w)(1+ 24 zw)(1 + w+ zw)(1 — zw)
(z=1)(142)" 2E-1)(1+z)  (2z+1)22 2z +1

z(1+w+ zw) —1 4 zw IT+z+zw  z(14+z4w)

(the right side is unedited Maple output). Here one could write out explicitly the entries as sums of a few
binomaal coefficients; but it 1s undoubtedly possible to do better, though maybe not better enough to be worth
doing. |

Another application of the method of generating functions is to give a family of generating functions that
have the same Hankel determinant sequence.

Theorem 5.1. Let A(z) be a formal power series with A(0) =1 and ¢ be a constant. Then we have

H, _Ai = H,(A), (5.7)
1— cxA(z)
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for all n.
Proof. We use the method of generating functions to evaluate these determinants.
zA()  yA)
" A(x) | T—cxA(z) 1 —cyA(y)
"\1—cxAz)) rT—y
_ 1 1 zA(z) — yA(y)
Tl —czxA(z) 1 — cyA(y) r—y .

Since(1 — ez A(x))~" is a formal power series with constant term 1, we get

i, ( A(z) ) _ [IA(I‘) - yA(y)L = H.(4).

1 —caA(x) r—y

Putting ¢ = 1 — u, A = f/z in the above theorem, we get

Ho(f/x) = Hy (H%)» '

Tt’s not hard to show that
flz - n
— = cn(u)z™,
1+ (1—-u)f nZ::O (u)

where

7

k+1/3n—k+1
C”(”):Zn+1< ok )uk.

k=0

Hence we give another proof of the following result given by Egecioglu, Redmond, and Ryavec [4]:

Vo = det (ai4j+1) gcq jen—1 = det (Ciaj () o j<no1 -

We have Similar result for Hankel determinant of the second kind.

Theorem 5.2. Let A(z) be a formal power series with A(0) =1 and ¢ # 0 be a constant. Then we have

(i) = 0= o

Proof. We use the method of generating functions.

" [ Al) A
1 Az | 1=cA(z) 1—cA(y)
m (=) - ry
_ i 1 1 A(z)n— A(y)]
|1 —cA(z) 1 — cA(y) r—y .

Since 1_(54@) is a formal power series with constant term (1 —¢)~! when ¢ # 1, we get

i ((11__?;?;.)@)) _ [(1 _c)_QA(mi:;\(y)]n — (-

(A4)-
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6. A HANKEL DETERMINANT FOR ALTERNATING SIGN MATRICES
Let A, be the number of n x n alternating sign matrices. Tt is well known (see [3]) that
n—1
3k + 1)!
A, = T B +k L
k=0 (TL + )

as conjectured by ... and proved by Zeilberger [ ] and Kuperberg [ ].
ASMs are equinumerous with totally symmetric, self-complementary plane partitions, which were enumer-

ated by G. E. Andrews [20].

Let
. 1—(1—9z)'/3
— A
O) = (6.
be the generalized Catalan generating function (see [13, Eq. 61]).
We have
Theorem 6.1. The number of n x n alternating sign matrices is equal to a Hankel determinant:
An =3 G H, (). (6.2)

Proof. Let
D(z,y) = (2C(x) = yC(¥)/(z — v)
be the generating function of the Hankel determinant H, (C). Tt is easy to see that D(z/v/3, y/\/3) is the
generating function of 3_(;)Hn(é). We make the substitution z — z — V322 + 23, y — y — V33> + 9% in
D(x/\/g, y/\/g), and simplify. The generating function becomes
1
1= V3(z+y)+22+ay+y>
Let w=—1— V=3 be a cube root of the 1. Make another substitution z — —/=Tz/(1+wz),y = /=Ty/(1+

2
w?y), and simplify. The generating function becomes

(1 +we)? (1 + %)’

(I-—zy)(l—z-y)
Dividing by (1 +wz)? (1 + w?y)?, the generating function becomes

1

(I—z—y(l—=y)

Multiplying by (1 — z + z2)(1 — y)/(1 — z), we get
(1—z+2%)(1 -y B x n o x
(I-2)l-z-y)(l-zy) y(l-2-y) l1-2ay y(l-2x)

Expanding the right hand side of the above equation, we get

Hn(é):det<<’,“> +5M)> ,
t—1 0<i,j<n—1
which is equals to A,. (See [3, p. 22].) [ |

Remark 6.3. We have another determinant

A, = det <<Z +J> - 5i,j+1> ,
2

since
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1 B 1 1 Yy
(I—z—y)(l—zy) T-y+y’ \l—z—y Il-=zy/)’
In Lemma 3.1, if we let a = %, b=10,c =1, then we will get a simple continued fraction expression of C’(x)

This gives another method to evaluate the determinant of ((zfjl) + &-,j) .
0<i,j<n—1

There are similar results for

R — (1 —9z)2/3
Ci(z) = % (6.4)

Let Al be the number of cyclically symmetric plane partitions in the n-cube. We have

Theorem 6.2.

Proof. Let
D(x,y) = (xC1(x) = yCi(y))/(z — y)
be the generating function of the Hankel determinant H,(C1). Similarly D(z/v/3,y/V/3) is the generating
function of 3~ (5) H,(C1). We make the same substitution (as for H,(C)) 2 — 2—/322+ 23, y — y—v3y* +4°,
and simplify. The generating function becomes
2—V3(z +y)
1= V3(x+y) + 2> +ay+y?
Similarly, we make another substitution 2 — —/=T1z/(1 + wz),y — V/—1y/(1 + w?y), and simplify. The
generating function becomes

2—z—y—zy)(l +wz) (1 +w’y)

(1-zy)(1 -z —y)

Dividing by (1 4+ wz) (1 + w?y), the generating function becomes
2—2z—y—uy) 1 1

(l—z-y(l-zy) 1-2-y I-zy

So we have

which is equal to AL. (See [3, p. 177, (5.28)].) o N

7. ANOTHER INTERPRETATION OF a,,

In this section, we are going to give a new interpretation of a,. This new interpretation is in terms of three
kind of paths: normal paths, Hy paths, and V5 paths.

Normal paths are paths with steps (1,0) and (0,1). A path is an H, path if each horizontal step is (2, 0)
instead of (1,0). By dividing each horizontal 2-step into two horizontal 1-steps, we can represent an Hs path
as a normal path. Similarly, a path is a V5 path if each vertical step is (0, 2).

By reflecting in the line y = —z, we can convert an Hy path into a V5 path, or a Va path into an Hs path.
This bijection can convert any property of Hs paths into a similar property of Va paths.

It is well known that the number of paths that start at (0,0), end at (n,2n), and never go above the line

— i — _1
y_lesan_2n+1

(3:) Replacing each horizontal step by two horizontal steps, we have the following result.

Proposition 7.1. The number of Hy (or V3) paths that start at (0,0), end at (2n,2n) and never go above the
diagonal equals a,,.
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Definition 7.1. We call a path P a K-path if it satisfies the following four conditions.
1. The path P never goes above the diagonal.
2. The part of P that is below the line y = —2x s a V5 path.
3. The part of P between the two lines y = —2x and x = —2y is a normal path.
4. The part of P that is above the line x = —2y is an Hy path.

From the definition, we can see that a K-path may be decomposed into three kinds of paths: a V5 path,
followed by a normal path, followed by an Hs path. Depending on its starting point, some of the paths may
be empty. The normal path region is between the two lines y = —22 and z = —2y. The steps occurring in a
K-path are shown in Figure 1.

Figure 1. The grid for K-paths:

Qy

Qs

Q;

Qy

Py P Q

Py Py

P, P,

We state the new interpretation of a,, in the following theorem.
Theorem 7.2. The number of K -paths from (—2m, —2m) to (2n,2n), where m+ n > 0, is ayqp -

From Theorem 7.2 we can derive the identity (1.9), which was rewritten in the following form.

i+j
s, gsn—

From the new interpretation of a,, U, equals the number of n-tuples of non-intersecting K-paths from
Py,...,Pooq1 to Qo, ... ,Qn-1, where P; = (—=2¢,—2i), and @; = (2¢,2¢) for 1 = 0,1,...,n — 1. In such
an n-tuple of non-intersecting paths, the path from P; to @; must start with a path from P; = (—2i, —2i) to
P! = (i,—21), and end with a path from @ = (2i, —7) to Q; = (2i,2¢). See Figure 1. So U,, equals the number

of n-tuples of non-intersecting normal paths from PJ,... , P,_; to Qp,...,Q. _;. This is just the determinant
in the right side of (1.9).
If we count K-paths from (—2m, —2m) to (2n,2n) according to their intersections with the lines y = —2z

and z = —2y, we see that Theorem 7.2 yields the matrix identity that appeared in section 5:

(aips) <3j+1<3i+1>> <<z+y>> <3i+1<3j+1>>
i+5)0<i j<n—1 = . . o - . ,
IS i+ 1\i—y 0<i,j<n—1 21— 0<i,j<n—1 3+1INJ—1 0<i,j<n—1
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where

3i-|-1<3j-|—1

() = e

(See (4.3)) is the number of V5 paths from P; = (—2i, —2i) to P} = (j, —2j) that never go above the diagonal.

We want to give a combinatorial proof of Theorem 7.2.

If P is a K-path from (—2m, —2m) to (2n,2n) with m <0 (or n < 0), then P is an Hy (or a V3) path, and
Theorem 7.2 follows from Proposition 7.1. So we can assume that m and n are both positive integers.

The idea of the proof of Theorem 7.2 is to show that the number of K-paths from (—2m, —2m) to (2n, 2n)
is unchanged after sliding their starting and ending points along the diagonal by (2,2).

In fact, the following refinement is true.

Lemma 7.3. The number of K-paths from (i — 2,—2i — 2) to (2j,—j) equals the number of K -paths from
(i,~2i) to (2j+2,—j +2).

Proof. Let N(i,j) be the number of K-paths from (i — 2, —2i — 2) to (2j,—j). It’s clear that N (7, j) = 0 if
1< 0orj<0.

By reflecting in the line y = —z, we can give a bijective proof of the following statement: The number of
K-paths from (i, —2¢) to (2j +2, —j + 2) equals the number of K-paths from (j — 2, —2j — 2) to (2¢, —¢), which
is N(j,i). Then it suffices to show that N (¢, ) = N(J, ).

Any K-path from (i — 2,—2i — 2) to (2j,—j) can be decomposed into a V path, which stays below the
diagonal, from (i — 2, —2i —2) to (k, —2k) for some k > 0, followed by a normal path from (k, —2k) to (2j, —j).

For the case i = 0 or i = 1, we can check that N(i,j) = N(j, 1) directly. We have

N\j|0 1 2 3 4
0|11 2 1 0 0
112 5 9 5 1
2 11 9 % *x x
310 5 *x * «
4 10 1 x % %

and N (i,7) = 0 if one of ¢, is 0 or 1 and the other is great than 4.

In the case 7 > 2, the condition that the V5 path stays below the diagonal is redundant, since the possible
highest and leftmost point on a path from (¢ — 2, —2i — 2) to (2j,—j) is (¢ — 2, —j), which is not above the
diagonal when ¢ — 2 > 0.

Then it is easy to compute that

NG, j)=> Blk+2—ii+1—k)B(2j—k2k—j), ifi>2,
E>0

where B(a,b) = (ajb).
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Figure 2.

-

(0,0)

“diw

/1

For i > 2, N(i,7) is a finite sum, since if k+2—i < 0ori4+1—k <0, then B(k+2—1i,i+1—k) =0. The
only choices for k are i — 2,7 — 1,4, and i + 1. See Figure 2. We have

N(i,j) = B(2j—i+2,2i—j—4)+3B(2j —i+1,2i—j—2) +3B(2j —i,2i — j) + B(2j —i—1,2i — j +2).
Let M(a,b) be defined by
M(a,b)=B(a+2,b—4)+3B(a+1,b—2)+3B(a,b) + Bla—1,b+2).

Then N(i,j) = M(2j —i,2i — j). We want to prove that M(a,b) = M(b,a) for a + b > 2, which implies
N(i,j) = N(j,1) for i > 2. Using the basic identity of binomial coefficients B(c,d) = B(c — 1,d) 4+ B(e,d — 1)
for all integers ¢ and d, when a 4+ b > 2, we have
M(a,b) =B(a—4,b+2)+3B(a—3,b+1)+6B(a—2,b)+ TB(a—1,b—1) +
6B(a,b—2)+3B(a+ 1,b—3)+ B(a+2,b—4). (7.2)

In the following picture, every number we put at a point is the sum of the numbers at the points that are to
the left of it or under it. This corresponds to the formula B(c¢,d) = B(c — 1,d) + B(c,d — 1).

Figure 3. Proof of equation (7.2) by picture.

(-2.4) - Jab)
X ,

3 s

\“\3 7

1 2 3
IR RIS
(4-2)
(0,0

By the symmetry property B(e,d) = B(d,c), we have M (a,b) = M (b, a). This completes the proof. [ |
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Remark 7.3. Observe that the symetry property of the numbers (1,3,6,7,6,3,1) along the off-diagonal in
Figure 3 implies the equation (7.2). Since these numbers are finite, we can give a bijective proof. This will
induce a bijective proof of N(i,j) = N(j,1), and then a bijective proof of Lemma 7.3.

Now we are ready to give the proof of Theorem 7.2

Proof. Let G(m,n) be the number of K-paths from (—2m, —2m) to (2n,2n). We will prove that G(m—1,n+
1) = G(m,n) for all m > 0. Then by induction, G(m,n) = G(0,m+ n) = am4n.

We give the bijection as follows. Given a K-path P from (—2m,—2m) to (2n,2n), it must touch the line
y = —2x—2. Then we can decompose it into three parts: P = Py P, P3, where P; is a V5 path from (—2m, —2m)
to (i — 2,—2i — 2) for some i > 0; Py is a K-path from (i — 2, —2i — 2) to (2j, —j) for some j > 0; P3 is an Ho
path from (27, —j) to (2n, 2n).

Applying the bijection we gave in Lemma 7.3 for Ps, we get P4, which is a K-path from (i, —2¢) to (25 +
2,—j+2). Then P’ = P PjPs with starting point (—2m + 2, —2m + 2) is the K-path we want.

A similar argument gives the inverse bijection. [ |

8. TRINOMIAL COEFFICIENTS AND da,

In this section, we introduce a kind of generalized binomial coefficients, trinomial coefficients and give some
applications.

The binomial coefficient B(a, b) is the coefficient of 2%y in (z + y)”. Here we consider the trinomial
coefficients T'(a, b), defined by

b

a atb
T(a,b) = [2"y")(a” + 2y +4°) 7,

if @ + b is even, and 0 otherwise.
There is no closed form for trinomial coefficients, but they also have a simple combinatorial interpretation.
We call a path P a T-path if each step of P is (2,0) or (1,1) or (0,2). Then the number of T-paths that

start at (0,0) and end at (a,b) is T'(a,b). This is just an explanation of expanding (2% + zy + y2)ﬂ2-_b. See the
following picture. Only dotted points are vertices of T-paths.

Figure 4.
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Let n = (a+b)/2. We can also get T'(a, b) in the following way. We write (2% +zy+y?)" = (z(z+y) +y*)"
and use the binomial theorem twice to get the following.

So

T(a,b) = k: <Z> (a f k) (8.1)

0
This gives another combinatorial explanation of T'(a, b)

Lemma 8.1. The number of paths from (0, —2m) to (i,—i), in which the part below the line y = —2x is a V5
path, and the other part is a normal path, is equal to the number of T-paths from (0, —2m) to (i, —3), which is
T, 2m — ).

Proof. For a given path P that starts from (0, —2m) to (4, —¢), with the part P; below the line y = —2xz a V5
path, and the other part P a normal path. Tt is clear that P; must end at a point (j, —2j) for some j > 0,
and this j is unique.

The idea of algebraic proof is to count all such Py P according to j. Then the number of V5 paths from
(0, —2m) to (7, —2j).is B(j, +(2m — 2j)) = (’?), and the number of normal paths from (j, —2j) to (i, —i) is
B(i—j,2j—1) = (zfj) Summing on all j, the number of all such P; P5 is

j>0 NN
which, by (8.1), equals T'(¢, 2m — 7).

The bijective proof is given as follows. The number of horizontal steps in Py is j, and the total number of
steps in Py is (i — j) 4+ (2j — ¢), which is also j. Then we can associate to each horizontal step in P; a step in
Py, with order preserved. We call this new path Q. Clearly, @ is a T-path, since each step of @ is (0, 2), (1, 1),
or (2,0). Since the above procedure is a rearrangement of the steps in Py Pa, @ is a T-path from (0, —2m) to
(7,—i). So @ is the desired T-path.

This procedure is clearly reversible. [ |

Remark 8.2. The bijection in the lemma also works if we require that the first step of both paths in Lemma
8.1 1s not a vertical step.

By reflecting in y = —x, we get

Lemma 8.2. The number of paths from (i, —1i) to (0,2m), in which the part above the line x = —2y is an Ho
path, and the other part is a normal path, is also T(i,2m — 7).

Corollary 8.3. The number of K-paths from (0,—2m) to (2n,0) is equal to the number of T-paths from
(0, =2m) to (2n,0), which is T(2n,2m). Moreover, we have the following identity.

Un = det (T'(21, 2j))0§i,j5n—1 : (8.3)

Proof. We can split any K-path from (0, —2m) to (2n,0) into two parts: one ends at (i, —7) and the other
starts at (¢, —7) for some ¢ > 0 (this ¢ is unique). Then using the two bijections in Lemmas 8.1 and 8.2, we
have a bijective proof of the first part of the corollary.
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(5]
V)

We have shown in last section that U, equals the number of n-tuples of non-intersecting K-paths from
Py, ..., Pao1toQo, ... ,Qno1, where P; = (—2i,—2i), and Q; = (2¢,2¢) for i =0,1,...,n — 1. Tt is clear (see
Figure 1) that it is still true if we replace P; by P/ = (0,—2i), and @; by @} = (2¢,0). But from the first part
of this corollary, the number of K-paths from P/ to Q} is 1'(2j,2i) = T'(24,2j) for all 0 < 4,j <. Then the

identity 8.3 follows. [ |

Remark 8.4. The identity (8.3) is new, and we will generalize it later. But U,, doesn’t equal the number of
n-tuples of non-intersecting T-paths from Py, ... P._, to Qy,...,QhL_,. The problem is that Hy steps and Vs
steps can cross without meeting at a vertex of the paths.

Definition 8.5. We call a path P a KT'-path if it satisfies the following conditions.
1. The path P never goes above the diagonal.
2. The part of P that s to the left of the line x = 0 s a V5 path.
3. The part of P in the fourth quadrant is a T-path.
4. The part of P that is above the line y = 0 is an Hy path.

We have another interpretation of a,.
Theorem 8.4. The number of KT paths from (—2m, —2m) to (2n,2n) is ay4n, for allm+n > 0.

Proof. We construct a bijection from the set of KT paths from (—2m, —2m) to (2n,2n) to the set of K paths
with these end points.

Let P be a such KT path. We can decompose P into P = P; P, Ps, where P; is a V5 path from (—2m, —2m)
to (0, —2¢) for some ¢ > 0, in which we choose the smallest i; P5 is a T-path from (0, —2i) to (27, 0) for some
J > 0, in which we choose the smallest j; and Ps is an Hy path from (24, 0) to (2n, 2n).

From Corollary 8.3, we can get a K-path Pj from P, then P’ = Py P}Pj5 is the desired K-path. Clearly,
this procedure is reversible. [ |

9. (FENERALIZATIONS OF K -PATHS AND T-PATHS

Let g,(f) = ﬁ((rt})”) be the number of 7 4+ 1-ary trees with n nodes, and
$e) = Xl

n>0

be the generating function. Then ¢(") (x) satisfies the following functional equation.

@ =142 (40@) "

We need to generalize the concepts in last two sections.

A path is an H, path if each step is either (r,0) or (0,1). By changing every (r,0)-step into r (1, 0)-steps,
we can convert an H, path into a normal path. Similarly, a path is a V; path if each step is either (1,0) or
0,7).

The following is a classical result.

Theorem 9.1. The number of V. (or H,) paths from (0,0) to (rn,rn) that never goes above the diagonal is
g

A path is a T(")-path if each step of it is (r,0), (r—1,1), ..., 0r (0,7). For any path P, we denote by S(P)
the starting point, E(P) the ending point, and L(P) the number of steps in P.

When r = 1, we are talking about Catalan number or Catalan paths. In this paper, we have talked about
the case when r = 2. Tt’s natural to ask if we can say something about » > 3. Since the Hankel determinants
of g(") () does not factor nicely for r > 3, there is no formula like (1.4). But there is a natural generalization

of the formula 1.9 and 8.3.
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Remark 9.1. For any T(")-path P with S(P) = (0,0) and L(P) = k, E(P) must lie on the line y = —x + rk.
So to compute L(P), we take the sum of the x-coordinate and y-coordinate of E(P) — S(P), and divide by r.
A normal path is also a T -path, a Vi path, and an Hy path, and a T-path is a T'® -path.

Let T(")(a,b) be the number of T(")-paths from (0,0) to (a,b). Then T(")(a,b) = 0 if a + b is not divisible

by 7, so we can suppose a = ri — s and b = rj + s for some 7,j and 0 < s < r — 1. We have
T(T) (TZ+ S,Tj _ S) — [Iri-}—syrj—s](mr 4 Ir—ly 4. +yr)z+g

Since the right side of the above equation is homogeneous in z and y, we can write it in terms of one variable
t, where t = y/z.
Let a=14+t+t>2+..-4+t" and 3 = afth = 14+t~ 4+...¢+=". Then

T(ri+s,rj—s)=CTta' @,
where CT means to take the constant term of a Laurent polynomial of ¢.

Definition 9.2. We call a path P a K")-path if it satisfies the following conditions.

1. The path P never goes above the diagonal.

2. The part of P that is to the left of the line y = —rx 1s a V,. path.

3. The part of P between the two lines y = —rx and x = —ry is a T~ -path.
4. The part of P that is above the line x = —ry 1s an H, path.

For example, a K-path is a K(?)-path.

Definition 9.3. We call a path P a KT -path if it satisfies the following conditions.

1. The path P never goes above the diagonal.

2. The part of P that s to the left of the line x = 0 is a V, path.
3. The part of P in the fourth quadrant is a T -path.

4. The part of P that is above the line y = 0 s an H, path.

For example, a KT-path is a KT()-path.
Let K(m, n,r) be the set of all K () paths from (—mr,—mr) to (nr,nr). Let T(m,n,r s) be the set of all
KT paths from (s — mr, s — mr) to (nr 4 s,nr + s). Then we can state our main results.

Theorem 9.2. The cardinality of K(m,n,r) is g,(f) for all m and n. The cardinality T(m,n,r,s) is also g,(f)

for all m;n and s.

As in the case r = 2, if m < 0 (or n < 0), then K() paths and KT(") paths are in fact H, paths (or V;
paths), and in these cases, Theorem 9.2 follows from Theorem 9.1. The idea of the proof of Theorem 9.2 is to
show that |T(m,n,r,s)| = |T(m,n,r,s—1)|forall 1 < s < r. Then |T(m,n,r, s)|= g,(,:l_n follows by induction.
We will give a bijection from T(m,n,r,0) to K(m,n,r).

The bijective proof we are going to give highly relies on the following lemma, which is a generalization of
Lemma 8.1.

Lemma 9.3. The following four sets all have cardinality T(’")(j, ri—j).

1. The set T(i,j) of all T")-path s from (0, —ri) to (j,—j).

2. The set T'(i,]) of all T) path s from (4, —J) to (ri,0).

3. The set V(i,]) of all paths from (0,—ri) to (j,—j), with the part before the line y = —rx a V, path, the
part after the line y = —rz a T~ -path.

4. The set H(i,j) of all paths from (j,—j) to (ri,0) with the part before the line x = —ry a T =1 path, the
part after the line x = —ry an H, path.
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Proof. We construct only the bijection from T(i,j) to V(i,]). The bijection from T'(i,j) to H(i, j) is similar.
The leeCthIl from V(i,j) to H(i,j) and the bijection from T(i,j) to T'(i,j) are given by reflecting in the line
y =

For any given path 7' € T(i,j) the steps in 7" are (r — k, k) for k = 0,1,...,r. We first replace all the steps
in T that are not (0,r) with steps (r,0). Then we get a path 71, with E(71) on the line y = —z. Changing
every (r,0)-step in T4 into (1,0) will give us a V; path Vi with E(V4) lies on the line y = —ra. By removing
all the (0, r)-steps in T, and changing every (r — k, k)-step into (r —k — 1,k) for k = 0,1,...r — 1, we get a
T =1_path V5. Then V = V; Vs € V(i,j) is the desired path. One way to explain that F(V) = (_}, —j) is that
if we regard a (r — k, k)-step as a (1,0) step followed by a (r — k — 1, k)-step for k = 0,1,...,r — 1, then the
bijection we gave is just a rearrangement of the steps in 7.

The inverse procedure is as follows. For a given V' € V(i,j), the line y = —ra divides V' into a V, path
V{ followed by a T("=1) path V4. Suppose E(V{) = (k', —rk’) for some k’. We can see that the number of
(1,0)-steps in V{, which is &, equals the total number of steps in V3, which is M = k'. Then we
can associate to each (1,0) step in V/ a step in Vi, with order preserved. This gives us a 7(")-path 7" € T(i, j).
In the following figure, we give an example of the case r = 4.

Figure 5
(0,0)
N N (00)
AN DIAN
‘\
() ‘ .
(.I!_J)
y=-X 0
v y=-X
[
e .
\
/
\
1 \
(0,-ri) (0,-rj) L y=-rx
\\
The above two procedures are clearly inverse to each other. [ |
Remark 9.4. The bijection from T(i,j) to V(l, j) we gave originated from the following algebraic fact.
We expand the polynomial (z" + 2" 1y + .-+ y")™ in a different way.
(l‘($r_1 + xr—2y+ . .y — Z < ) r(m— j).flfj(l‘r_l + $T_2y+ . .yr—l)j
j=0

Z( ) r— 1) _]—ll—_]) ziyrm—i

So we have
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In Figure 5, |V (i,j)| can be computed by finding the intersecting points of the paths in V(i,)) with the line
y = —rx. This yields (9.5).

We denote the bijection from T(i,j) to V(i,j) by ¢, and the bijection from T'(i,j) to H(i,j) by ¢». One
thing we should mention is that neither ¢, nor ¢, changes the starting point or the ending point. The path in
the following figure is obtained from the 7(")-path in Figure 5 by applying ¢,.

Figure 6.
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x:-rytfi-rj+j

(O,-ri)

Applying ¢, to any T(") path, we will get a V, path followed by a T("=') path, in which the number of
horizontal steps in the V, path equals the total number of steps in the 7("=1) path. We can locate the ending
point of the V, path in the following three easy steps. See Figure 6.

1. Draw a vertical line at S(T').

2. Draw a line of slope —1 at E(T).

3. At the intersecting point of the above two lines, draw a line of slope —r. Then this is the line on which

the ending point of the V, path must lie.
We call the line obtained in the above three steps the bisecting line BLV(T) of ¢, (7).

For any T") path T, with S(T) = (0, —ri) and E(T) = (j,—j), BLV(T) is y = —ra, which is independant
of 7 and j.

A similar argument for ¢, holds for a 7(") path T’. The corresponding three steps are given as the follows.

1. Draw a horizontal line at E(7").

2. Draw a line of slope —1 at S(7").

3. At the intersecting point of the above two lines, draw a line of slope —1/r. Then this is the line on which

the starting point of the H, path must lie.
We call the line obtained in the above three steps the bisecting line BLH(T") of ¢, (T).

The following is a generalization of Corollary 8.3.

Lemma 9.4. The number of each of the following four kinds of paths from (0,—ri+ s) to (rj+s,0) equals to
T(rj+s,ri—s).
1. Al T™) paths from (0,—7ri+ s) to (rj+s,0).
2. All paths from (0, —ri+ s) to (rj + s,0) consisting of a V; path, followed by a T=1) path, in which the
number of (1,0)-steps in the V, path equals the total number of steps in the T=1) path.
3. All the paths from (0, —ri+s) to (rj +s,0) consisting of a TU"=") path, followed by an H, path, in which
the number of (0,1)-steps in the H, path equals the total number of steps in the T=1 path.
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4. All the paths from (0, —ri+s) to (rj+ s,0), with the part before the line y = —rz+s a V, path, between
the line y = —rz + s and the line x = —ry + s a T~Y) path, and the part after the line x = —ry + s an
H™ path.

Proof. Part 1 is by the definition of T(T)(rj + s,ri — s), and part 2 and part 3 are obvious by Lemma 9.3, so
we need only deal with part 4.

For a given T(") path T from (0, —ri + s) to (rj + s,0), we can separate it by the line y = —z + s into a
T() path T; followed by a T(") path T,. Applying ¢, on Ty, we get a V, path V; followed by a T("=1) path
V. Applying ¢, on Ty, we get a TU=") path H; followed by an H, path Hs. Using the three steps for finding
BLV(T1), we see that (V1) must lie on the line y = —ra + s, since the line y = —x + s intersects the line z = 0
at (0,s). Similarly, S(H1) must lie on the line & = —ry + s, since the line y = —x + s intersect the line y = 0
at (s,0). Together with the fact that E(Va) = E(Th) = S(T2) = S(H1), we see that Vo H is also a T(r=1) path
and the path V;V5Hy Ho is what we want.

The above procedure is clearly invertible. [ |

Remark 9.6. The bijection in the above proof will induce a bijection from T(m,n,r,0) to K(m,n,r). We will
see this in the proof of Theorem 9.2.

For any 1 < s < r, let A(7, j) be the set of KT(") paths from (0, —(ri — s)) to (rj + s, 1), and B(i, j) be the

set of KT(") paths from (=1,—(ri—s+1) to (rj+s—1,0). Then we have the following lemma, which will
induce the bijection from T(m,n,r,s) to T(m,n,r s—1).

Lemma 9.5. There is a bijection from A(t, j) to B(s, j) for all i, j.

We will give two proofs for this lemma. The algebraic proof will be given in the next section. The bijective
proof is as the follows.

Bijective proof of Lemma 9.5. For any given P € A(i,j), we can factor it as P; Py, where P; is a T()-path |
and Py is an H, path, where Ps is a (0, 1) step followed by some (r,0) steps. Divide P; into Pi1 P12 by the line
y=—x+s,s0 F(Pi1) lies on the line y = —x + s. See the left part of Figure 7.

Figure 7.
s
T\‘ =1
®,
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1
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1
"L N p==xtsertl
y=xts : 'F
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, 0,71)
L L/ ' (-1,0)
St N
Y J=-rxts

0

Applying ¢, on Pyy, we get a path Py,, with the part before the line y = —rz 4+ s a V. path, and the part
after the line y = —raz + s a T("=1) path. Applying ¢, on Pys, we get a path Py, with the part before the line
z=—ry+sa T~ path, and the part after the line 2 = —ry + s an H, path. Now the path P/ = P,,Pi, P>
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is a path from (0, —(si + r)) to (sj — r, 1), divided by the two lines y = —rz + s and £ = —ry + s into three
parts: a V, path followed by a 7("=1) path followed by an H, path. See the right part of Figure 7.

We factor P’ into P{Pj, where P{ ends at the line « = 1, and the last step of P/ is a horizontal step. So
P/ is in fact some (0, r) steps followed by a horizontal step. We want to convert Pj into a T()_path. The line
y = 1 meets the line # = —ry + s at (s — r, 1), and the line & = 1 meets the line y = —rz + s at (1,s — 7).
Both (s —r, 1) and (1, s — r) are on the line y = —x + s — r + 1. This makes something interesting happen. We
divide Pj into P4, Pj, by the line y = —z + s — r + 1. See the left part of Figure 8.

Figure 8.
= = = 7jhsl
=0
[ ' \ ,
: ' & Q
1
1
1 Masarday! .
! S t y=arhsertl
! ©1) ©)
Ll ' (7~1,0)
NN S 0
Ny _ )
A; o P y=-rxts

Applying ¢! on Ph,, and applying ¢;1 on Pj,, we convert the path P} into a T()-path. Tet Q' =
¢ (Py1)é5 ' (Phy). Changing coordinates by ¢ = 2 — 1,y = y — 1, and let Q@ = P{Q'. We get Q € B(3, j) is
what we want. See the right part of Figure 8.

Every step in the above procedure is invertible. This completes the proof.

Proof of Theorem 9.2. First we construct the bijection from T(m,n,r,0) to K(m,n,r). This shows that
|T(m, n,r0)| = K(m,n,r)|.

Recall that any P € T(m,n,r,0)is a KT)-path from (—=rm, —rm) to (rn,rn), and any @ € K(m,n,r) is a
K,-path with the same ending points. We can factor P as Py P> P so that P; is a V; path with E(Py) the first
point at which P hits the y-axis, and Ps is a T, path with E(Ps) the last point at which P hits the z-axis, and
Ps is an H, path. Applying the bijection of Lemma 9.4 part 4 to Py, we get a K,.-path Q3 = Q2,Q2,Q2. from
S(P3) to E(Ps), with Q24 a V; path ending at the line y = —rz, Q2 a T(=1) path ending at the line 2 = —ry,
and @y an H, path. Then P;Qs, is a V; path, and Q2. Ps is an H, path. So Q = P1Q2P3 = (P1Q24)Q26(Q2.P5
belongs to K(m, n, r) is the disired path. The above procedure is clearly reversible.

Next we construct the bijection from T(m,n,r s) to T(m,n,r,s — 1) for 1 < s < r, which implies
|T(m,n,r,s)| = |T(m,n,r,;s — 1)]. Any P € T(m,n,rs) can be factored as P;P»Ps, so that P is a V,
path with E(P;) the first point at which P hits the y-axis, and P5 a KT path with E(Ps) the last point
at which P hits the line y = 1, and Ps an H, path. Applying the bijection of Lemma 9.5 to Pa, we get a
KT -path Qs = Q24Q2, with Qa4 a V, path starting at the line 2 = —1 and ending at the line z = 0, and
Q2 a T, path ending at the line y = 0. Let @1 be obtained from P; by sliding down by 1 and to the left by 1,
and @3 be obtained from Pj by sliding down by 1 and to the left by 1. Then Q = @Q1Q2Q3 = (Q1Q2.)Q26Q3

is a path from (s — 1 —mr,s — 1 —mr) to (s — 1 + nr,s — 1, nr) that never go above the diagonal and with
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the part before the line z = 0 a V. path, the part between the two lines x = 0 and y = 0 a T} path, and the
part after the line y = 0 an H, path. Hence @ € T(m,n,r, s — 1) is the desired path. The above procedure is
clearly reversible.

Finally, we use induction to conclude the theorem. By the second part, it is easy to see that |T(m, n,r,s)| =
|T(m,n,r,r)| for 0 < s < r. But T(m,n,r r)isin fact T(m— 1,n 4+ 1,7,0). By induction and the fact that

|T(0,m+mn,r0)] = gT(r:EI_n, the Theorem 9.2 follows. [ |

Recall that (") (x) is the generating function of r + l-ary trees. Let f) (z) = g(r)(z) —1. Then f) satisfies
the following functional equation.

fr) = z(1+ f(r))r+1.
If we count K,-path s from (—mr, —mr) to (nr,nr) according to their intersections with the lines y = —rax
and 2 = —ry, we see that Theorem 9.2 yields the matrix identity

(r+1)j+1<(r+1)i+1 z+1<r+1j+1)

(r) . _ (r—1) _ _ ,
(gH_J)OSz,JSn—l <('f‘ T ])Z T 1 2—] >>0Si7jsn_1 ((T (7'.7 Z I J))U<Z7JSN—1 < J T 1 j—i

(9.7

where

is the number of V. paths from (—7i, —ri) to (j, —rj) that never go above the diagonal.
Since the transformation matrices in (9.7) are uper (or lower) triangular matrices with diagonal entries 1,
we have

Corollary 9.6.

det(gz(:_)j)OSi,jgn—l =det(TC=V(rj — i,7i — §))o<i j<n1 (9.8)
Similar argument gives the following

Corollary 9.7.

det(g}) Vo<t j<n—1 = det(TC) (i, 75))o<i j<n—1, (9.9)
and for any 1 < s < r, we have

det (g1 41)ogijcn—1 = det(T) (ri — 5,75 4 5))ogi j<n—1. (9-10)

10. THE PARTIAL FRACTION METHOD

In this section, we will give a different algebraic proof of the equation (5.5). This idea can also be used to
prove equations like (5.6), (9.8) ...
Let B(z,y,t) € Q[t,t7][[z,y]]. Then B(z,y,t) can be written as

B(z,y,t E bi;(t) zhy

i,j=0
where b;;(t) € Q[t,t71]. Define

CcT B(;E, Y, t) = Z (CT b”(t))ngﬂ
1,7=0
The general question is to find the constant term of the function (1 — P(¢=1)z)~'(1 — Q(t)y)~", for some
specific P(t), Q(t) € Qlt].
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Theorem 10.1. Let P(t) and Q(t) be polynomials in t, and let ay,, = CT P(1)™Q(t~")". Then
D amna™y"

s a rational function in x and y.

Proof. We show that
1

(1-P#)z)(1-Q( ")y

cT

is rational, where we work in the ring Q[t,¢~!][[z, y]]. We may assume that P(t) has degree at at least 1. Let
d be the degree of Q(t). Let

1 td
F = = .
(1=P@H2)1-QF "y (1= Pt)2))(t! —t1Q(~")y
Since t9Q(¢~1) is a polynomial in ¢ of degree at most d, and the degree of P(t) is at least 1, F has a partial
fraction expansion in ¢ that may be written

o 1 (A(x,y,t) B(z,y,1) ) B 1 <A($,y,t) B(z,y,t)t‘d> (10.1)
© R(z,y) \1=P(t)z 4 =11Q(t~")y) — R(x,y) \1-P(t)z ~ 1-Q(t ")y h
where R(z,y) is a polynomial in z and y, A(z,y,t) and B(z,y,t) are polynomials in z, y, and ¢, and the degree
of B in ¢ is less than d.
Now the constant term in ¢ of B(z,y,t)t=¢/(1—Q(t~!)y) is 0 and the constant term in A(z,y,t)/(1— P(t)z)
is A(z,y,0)/(1 — P(0)z). We would like to conclude that

A(z,y,0)
R(z,y)(1 — P(0)z)

However, we don’t know that 1/R(z,y) has a power series expansion. To avoid this problem, we multiply

(10.1) by R(z,y) to get

CTF =

(10.2)

Az, y,1) B(z,y,t)t‘d

M0l =5 P Y T-qe 0y
Then
_ A(z,y,0)
but since CT R(z,y)F = R(z,y) CTF, (10.2) follows. [ |

The idea of separating a Laurent series of ¢ into nonnegative degree part and negative degree part has been
used by many authors. We call this the partial fraction method. In the following examples, we use the formula
we stated in Section 9. Let « = 14+t +t?+-- -+t  and B=a/t" =14+¢"1 4+ ...+7". Then

T(ri4s,rj—s) =CTt'a' .
In particular,
m + n n m+n m 1 n
= [t"](1 +¢) =CT(1+¢t)™(1+ -)".
m t
Example 10.3. A different proof of the identity (5.5)

I —ay itjN
]—xy2—3my—$2y_%:<2i—j>xyj'

’
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Proof. We have

Z <z+ ])xzy] _ Z (CT(L+ )29 (1 4 ¢=1)5) 2y

21— j

1+t” 4 U+4—U%f
(T+0i

|

aQ

—
M
™
+

1
(1—te—t2z)(1 -t~y —t~%y)
Using Maple, we find the partial fraction expansion in .

1 1 <1—my-|—tmy-|—t.r2y y(l-l—t-l—t.r—.ry))

=CT

(1 —tx —t22)(1 —t-ly —t=2y) ~ 1 —3zy — 22y — 2y? 1 —tz —t2z B t2 —ty—y
_ 1 <1—my+ta:y-|—t;132y_t_ly(t_1+1+r—t_1:ry))
1— 32y — 2%y —xy 1—tx —t2z 1—t-1y —1-2y ’
(10.4)
It is easy to see that
oT 1 1—my-|—txy+tm2y: 1—zy
1= 3zy — 22y — zy? 1 —tx — 22 1—3zy— 22y — zy?

since it is a formal power series in @ and y, with coefficients in Q[¢]. Similarly,

y(1 +t 4tz —zy) YT+t 42—t~ tay)

cT =CTt~ =0
2 —ty—y 1—t-ly—t-2y ’
since it is a formal power series in z and y with coefficients in t=1Q[t1].
The equation in Example 10.4 is then follows. [ |

Similarly, we can compute the generating function of (’;’fjf) for any integer r. We have

Example 10.5.
1—z—ay(l —2z —xz)

(1 =32y — 2%y — 2y?)(1 — 22 + 22 — 22) (10.6)

Proof. The computation is similar, we have

> <i+.j +-r>17iyjzrz ST (T )% (14 B iy

4 21— 4
i5,r>0 i5,r>0

_ (1+t)22 7 (1+t_1)2j j —I\r _r
_<3Ti;g;0(1_%t_”im EDE Yo (l4+t7") 2

1 1 1

=CT . .
I —te —tx? 1—t‘1y—t1—2y 1—z—t"1z

By (10.4), this equals

CT

1 l—zy+tey+tzy  y(l +t+tx —2y) 1
1 —3zy — 2%y — xy? 1 —te — %z 2 —ty—y 1—z—1"12

= is a formal power series in z with coefficients in Q[¢t~'], we can discard the second part of (10.4)
in our computation. This becomes

Since

oT 1 ! (]—my—{—tmy—{—t.rzy) 1

1—3zy— 2%y — 2y 1 —te —t%2 1—z—t"1z"
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Converting this into partial fraction of ¢, we get two parts, one has coefficients in Q[¢], the other has coefficients
in t7'Q[t~"]. So we can discard the second part and plug in ¢ = 0 to get the equation (10.6). [ |

Tt will be easier to consider this kind of problems in a larger ring R[t] (or R[[t]]), where R can be any
commutative domain.

Definition 10.7. For any function Q(t), we denote by

sty - A=
—a
the divided difference of Q(t) according to a.

If Q(t) € R[t], then 9,Q(t) € R[t, z] and is symmetric in 2 and ¢. Similarly, if Q(¢) € R[[t]], then 0,Q(t) €
R, )

Lemma 10.2. Let Q(t) € R[[t]] be a formal power series in t. Then

Q=)
1 — zt-!

1

t—=x

Qt)=1t"

+ 3:Q(1), (10.8)

wn which, the first part contains only negative powers of t and the second part contains only nonnegative powers
of t. In particular

T — Q) = Q(a). (10.9)

1—zt—?
Proof. The proof of the equation (10.8) is by straightforward computation. To prove the equation (10.9), we

have

1 1
Tt =

1Q(t)

t—=x
By equation (10.8), the nonnegative part of the above is

Q) — 2Q(2)

t—=x

0xtQ(t) =

)

which is a formal power series in ¢. By setting ¢ = 0 in the above equation, we get

1
CT —— = Q) = Q(x).

Theorem 10.3. For any Q(t) € R][[t]], the nonnegative part of the function

1

(1 — .’l‘lt—l)(l — I‘Qt—l) . (1 _ l‘nt_l) Q(t)

15 Og, Op,_, -+ 05, 1" Q(). In particular, we have
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Proof. The proof is by repeatedly using the equation (10.8). In the following computation, “other terms” refers
to those terms with only negative powers of . We have

1 1 )
(1T —2t=1) (1 —zgt=1) -~ (1 = mnt—l)Q(t) T =zt —ny) - (t— ml)t Q(?)
- (t—2)(t— xnl_]) ) (0z,t"Q(t) + other terms)
1

= R T = IZ)azlt Q(t) + other terms.

Since Jg,t"Q(¢) is still a formal power series in ¢, we can repeat the above computation, and will get
1
(I—zit= ") (1 —aot™") - (1 —ant™")

This completes the proof of the first part of the theorem. Now 0y 8¢, , -+ 05,7 Q(t) € R[[x1, 22, ..., 2n,1]],
and

Q) = 04,05, _, -+ 05, 1" Q(t) + other terms.

n

- 1
B, 0, 0u,t"Q(1) = Y _ 2P Qz:) [] —,
i=0 j=0,5#i " J

where we identify ¢ as zg. Then by setting g = ¢ = 0, we get the constant term

n . n 1
;mi 1Q(ﬂfz) ]_1__[ 1,

J=1j#i

Theorem 10.4. If P(t),Q(t) € R[[t]] are also rational, then the nonnegative part of P(t~')Q(t) is also rational
and in R[[t]].

Algebraic Proof of Lemma 9.5. For any P € A(i, j), we can factor it as Py P2, where P; is a T )-path , and Ps
is an H, path, where S(Ps) = (kr + s,0), for some 0 < k < j, is the rightmost point in P that lies on the line
y = 0 (see Figure 9).

Figure 9. Grid for A

=X
y= Kr+S e = = jr+s

1 y=1

(r)

(r.0)

Sir

|
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There is only one choice for Py since it is composed of a (0, 1) step followed by some (r, 0) steps. Conversely,
any such Pj Py stays below the diagonal and hence belongs to A(7, j). Summing on all possible k, we get a
formula for |A(z, 7).

For any k, there are T(r)(kr+ s,ir — s) choices for Pj since it is a T )-path from (0, =(ir —s)) to (kr+s,0).

J
1AG, 5) =D 1) (kr + 5,ir — 5). (10.10)
Multiplying both sides of equation (10.10) by 2’3/, and summing on i and j, we have

Z |G, j) |zt y = Z ZT(T)(kr+s,ir— s)xiyl

1,7=0 i,j=0k=1

= f: ZZ:(CTtsakﬁi)xiyj
1,j=0k=0
=CT# iﬁzxz iakyk Zy]—k
j=0 k=0 ji>k
1

= O = (1 =)

Similarly, any @ € B(7,j) can be factored as Q1Q2, where Q1 is a V, path, Qs is a T()-path , and
E(Q1) = (0, —(k'r — s + 1)), for some 1 < k' < i, is the lowest point in @ that lies on the y-axis. See Figure
10. We see that even in the case s = 1, k¥’ can not be zero, otherwise @1 will go above the diagonal.

Figure 10.

or)

(r,0)

For any k', there is only one choice for @i since it is composed of some (0, 7) steps followed by a (1,0)
step. There are T(")(jr + s — 1, k'r — s + 1) choices for Q since it is a T(")-path from (0, —(k'r — s + 1)) to
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(jr+ s —1,0). Summing on all the possible k', we get a formula for |B(z, 7).

B, j)l = > TW(Gr+s—1L,kr—s+1). (10.11)
k=1

A similar computation shows that

Z |B(2,])|x1 =CT¢~ 1Zajy.7 Z ﬁkl k' Z$

i,j=0 k'=1 i>k
1 1 1
=CTt ! -1
¢ 1—ay<l—/3x >l—x
1 1

=CT¢ 1 —-crttt—

(1= ay)(l - pe)(1 —z) (1-ay)(l - =)
=CTt! ! !

— s
(I—ay)(l = pe)(1—z) 7 (1-y(1-2)
To compute the two generating functions does not seem easy, but their difference has a simple form.
1 1 1 _ 1 1 1 _ t—ty—1+=z
Tt - CT# ! =CT¢ !
¢ l—ayl—Pzl1l—=x ¢ l—ayl—0z1—y ¢ (T—=2)(1—y)(1 —ay)(l — pz)

Direct computation shows that

t—ty—1+= T l—y—t

(I—ay)(1 - pz) __t’“(l—[)’x) 1 —ay

t . . . . .
is a formal power series in ¢ and y, with constant term —1, and _nli—zj is a

. 1— _
It is easy to see that —=—

formal power series in 1/t and x, with the coefficients in ¢=',¢=% ... ¢="+1 all 0. Hence
_ t—ty—14=x
cres—! = 51—
(1=2)(1-y)(1 —ay)(l - pz) C(l-2)(1-y)
| |
Theorem 10.5.
. _ r—1 _ =1
ST (i, vty = z(1—2) vl —y) (10.12)

Proof. Let x = uv and y = v. Then

ZT (ri, rj)a’y’

1,720

| |
3
=
Py
=
3
5
=
=
:s
ds
+
Y

=CT

l—wut-"1l—av’
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We have
(N 1—t
l—av_(l—t)—v(l—ﬂ“)
R
T l-vw1 —t—ll__ty”
R e =
T l-vw 1— (it
|1y

= — + other terms
l—v 1 —tr(ti=tyy

Since the other terms contain only terms like @pmyst™™ 1% for 1 < s < r — 1, they do not contribute to the
constant term in ¢. Let z = ¢". Then we have

1 1 1 1 1— 2 1—zvy\r—1
CT——— =CT (11‘_“) :
l—ut—"1—av s l—uzmtl—v 1 —z(F2L)

where CT, means to take the constant term of a function in z. Since the other part of the right side of the
above equation is a formal power series in z, we can use Lemma 10.2 and get

1 1 1 l—u(—ll‘_“U“)’—l
CT — —
1—wut—"1—av T—v 1 —uf 1_uvv)r

Changing back into z,y, we get the formula (10.12)
Theorem 10.6.
det (91" Jo<i jen—1 = det(T)(ri, 7)) oci j<n—1 = det (T (rj — i, 7i = j))oci j<n—1-
The generating function of the determinant det (gg:_)j)ogi,jgn—l is

29" (2) —yg') (y)
z—y ’

Since f")(z) = g{")(2) — 1 is a formal power series in z with constant term 0, the substitution z — f(")(z)
and y — f() (y) will not change the determinants, and the generating function becomes

e(l+2)" '(I+e)—yl4+y " '(04y _ z(+2)7" —y(l+y) "
d(l4a) 7Tyl 7T (i) T oyl y) 7T

Dividing by (1 + z)(1 +y), we get

1 e(l+z)"—y(l+y ™"
I+ 2)(+y) e(l+2)7=t —y(l+y)==1

If we can show that this is the generating function of the determinant of det(T=") (rj — i, ri — J))o<ij<n—1,

then det (g}, o< jcn—1 = det(TC=D(rj — i, ri = j))ogij<n—1 will follow.
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We can compute the generating function of the determinant det(7(=1) (rj — 4, i — J))o<ij<n—1 as follows.

Y T —iri—jlaty’ = Y TU((r = 1)j + (= i), (r = 1)i = (j = )2’y

1,520 i,j>0
= Y CTH (It 7" (147 4 a7ty
1,520
i,j 20
1 1
=CT

T— (=14 t=2 =)z L — (t+ 124 1)y
Similarly, the generating function of the determinant det (T(T) (ri,7§))o<i j<n—1 18
1 1
(T4t 142 4tz l—(14+t+24+--+17)

"
The following computation shows that the substituting of 2 — 2/(1—2) and y — y/(1—y) and then dividing by
Jo

T
Cl—

(1—=z)(1—y) on the generating function of the determinant det (T(T_l) (rj—1i,7ri—j))o<s,j<n—1 results the gen-
erating function of the determinant det(T(”(ri, 7j))o<i j<n—1, which implies that det(T(T)(ri, 7j))o<ij<n—1 =
det(TC=1(rj — i, ri — j))o<ij<n1-

1 1

CT

I— (4t +t= 2+t )zl — (14t +2 4+ - +1")y

1 1

=CT

¢ l—z— (" +t"2 +t ")zl —y—(E+24+- - +t")y

1 1 1

=CT

I-—2)1-yl—-(@ " +t72 ) L=+ 12+ 1) —
So the problem boiled down to prove the following identity.
1 1 Cz(l—z) Tt —y(l =yt
I— (14t T+t 2 0t Mzl = (14t +824+ - +t")y z(l—2z) —y(l—y)"
This identity is easily proved for » = 2,3,4, ... by the partial fraction method. But for general r, it is hard to
guess the non-negative part.

CcT
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