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Generating Functions

a_: # combinatorial structures of sine .
Its ordinary generating function (OGIs) |

AL¥F Yaz .
Its exponential generating function (O3&
At¥r>az n!

Notation: [2"]} f,z" = f,.



Analytic Combinatorics

Combinatorial methods:af 3 A 4 )& A ).

Analytic methodsA % )A 1> & }

See Flajolet and Sedgewick's book

“"Analytic Combinatorics"
http://algo.inria.fr/flajdet/Publications/books.htr

Cauchy's Formla: f_ = 1_ <j> F(2) dz.

n+1
27 | Z



Radius of convergence of a power series

Every power serieB z(39 ) f 2" z,
has a radius of convergence such tha

> f,z" converges whenz|<| , and

It diverges when 2 >|r

Fact:r =min{| z, |: z, Is a singularity oF Z )}.
Forany <r, <r , lef Dbe thcircle of radius,
centered at 0, and let M=max¥{|z ( X[l }.

Then |f_ £ Mr, ™" .




Example 1: Derangements

Leta, be the number permutationsrof elements
with no fixed points. Defing, = 1. Then

—Z

e
1-z

A(Z) = ;%z” =exp(@? [ 2+ 2% |3+ )=
1 - -1

a _rom €7 _ et eZ-gt _ e’-g
n! [Z]l—z [Zn](l—er 1—zj N 1-z

-Z -1

We notethat el © IS analytic everywhere, and henc
—-Z

n e—z_e—l_ -n
[Z"] - =0O(r,™"), foranyr,> 1.




Notation for asymptotics

In particularly . h+ 1£ F0O (2008
Notation. We write

a =0(b)If |a /b | isbounded,

a =o(b)if a/b -0 asn - o,

a ~b if a /b -1 asn - o .
Hence we have

a /nl~1/e or a ~nle.



Darboux’s Lemma
Let g(z) be analytic in some diskz kK |+

and supposeg (B O.
Then, foranya U {07 & 2,....},
[Z7]9(22 -2 ~9[Z']1-2™"

g(d) o
[(a) |

o~

M(a) = j t7 e dt
0



Example 2. Labeled 2-regular graphs

The exponential generating function f
labeled 2-regular graphs is given by
A(Z) = (1- Z)—llze—z/2—22 /4

Hence

[Z"] ,B(Z) N e—1/2—1/z[ 2"(1 - 2) -1/2

—3/4 ~3/4
e nL/2 = e ~1/2

T(/2) NS




Example 3: Triangulations of the
Projective Plane

The ordinary generating function for thamber of rooted
n-vertex triangulations of the projeatiyplane is given by

A(2) :1(1—t)3(1— 3- (-t V1= 4)
3

t°(1-5+12° -14°+ 4%+ 8°)

- , wWhere
(1-20)1-tY

t=t(z)=z+--- is the power series satisfyim=t —IL.° )
Using Implicit Function Theorem, one cAnd the dominan
singularity oft ¢ ) to be = 27/256,




Example 3: Triangulations of the
Projective Plane

Expansion oft £ ) andA z( ) at= 27/2t
t(2) :Z f(1-2z/r)'?,

A2) =Y g @-z/r)",

with g, =—(81/1024)24* .

(2" A 2D ~ r(_911/4) n®'4(256/27)" .




Flajolet-Odlyzko’s Transter Theorems
A(z)=0(B(2) (asz - 1) = a,=01M, ),
Az)=0(B(2)) (asz- 1) = a,=0k, ),
A(z) B(2) (az - 1) = a, b .

B(z) are typically of the form m
@

1\
1-2)7| log— | .

-2 ( gl_zj

A(z) 1s analytic in the region
A={z|zkK1+0,z# 1< arg¢— 1x Z7—-0



Flajolet-Odlyzko’s Transter Theorems

If a0, -1,-2,...}, then

n“*(logn)”.

1\

[Z"'|(1-2)7° (Iog —j ~
1-2z

For g =—-k, we have

B
121 - 2)* (Iog lej - B(=1)kIn*(logny*

(@)



Example 4. Irreducible Polynomials over a

Finite Field

Letl_ be the number of irreducible moipiclynomials
of degreen ovef, .Defing= 1lahdz €D 1,2

n=0

It can be shown thak z(~) | Z, — /
O fglg) = o
and 14 is the only singularity 6fz( ) inghdisk

1
1/,/g. Henceé ~ Z" llo =q" .
| zk 11/q o~ 1] él_qzj q




Example 5. Children’s Rounds

The exponential generating function tbhe numbe
of " children's rounnds" is given by

R(Z) — (1— Z)_Z = ie(l—Z)log(l—z)

-1 tlog-2)+ o(i odf (1- 2 )j 7.1
1 1-7

[Z"1R(2 =1-1/n+0O((1/n*)logn).



Hayman’s Theorem (1950)

If f(2 =) f,z"is "H-admissible", the

n=0

1
" J2mb(r)

f f(r)r™, where

a(r) = rilog(f (r))=n, and
dr

_d
b(r) = raa(r).



Hayman-admissible Functions

Facts about H-admissible functions:
1. 1f p(z) Is a polynomial such that the Taylor serof
exp(p (z)) has positive coefficients for all suffictin
largen, then exgd Z )) Is H-admissible.
2. 1ff (2) Is H-admissible then exp(z( )) is H-adsible.
3. 1ff (z) andg ¢ ) are H-admissible

thenf ¢ § ¢ ) Is H-admissible.

exp(z),expe+z° /2), and exp(exp( )) are alddmissible



Example 6: Stirling’s formula

Forf (z)=expe)=> z" h!
we have logf 7 )Fz .

Hencea ( Fr b Fra X Fr .

Solving a{ )=n, we obtaim =n
Hence 1h !~ 1 e'n"

\2nTT
or n!'~v2nr(n/e).




Example 7: The number of involutions

The exponential generating for the numogtinvolutions
is given byf ¢ F expt+ 2" /2).
We have logf £ )Fz+2z° /2,
a(r)=r(@+r), b(r)=ra'tr)=r 1+ 2 ).
Solvingr (1+r )=n, we obtain
r=n"?(1+1/(4n))"*-1/2
=n'*-1/2+ (/8n"V* - (@/12807 ¥+ 0 %)
Hence the number of involutions of elements is

Lt exfn 2~ 1]



Example 8: Bell numbers

The exponential generating function for the total
number of partitions of {1,2,..,n} is given by

A(Z) = exp(expt - 1=e* exp(ex )).

Let f (z)= exp(expt )). We have lo§(z( F exp(
a(r)=rexp(),bt)=ra'(r)=r@+r)expf ).
Solvingr exp( F=n, we obtain

r =logn-logr = logn- loglogn + O (loglog /logn )
(1/n)loga, = logn- loglogn— 1+ O (logloagn /log ).



Multivariate generating functions,
moments, and distribution.

Leta,, be the number of monic polynomialsdegreen
over £ which have exactly irreducible fad.

Define A w)=>) a, "W . Note\(z1) =1/(1-q2).
n,k
Then the average number of irreducibletdas in a randon

2K (71A(2)
Zank [2'] A z1)

The variance and other higher moments can also be
calculated by taking higher order partiarivatives w.r.tw.

monic polynomial of degree s



The number of irreducible factors of
polynomials over a finite field

A(z,w) =expg > 1 @ w* /kj 1 @)~ Iog—q

k=1

A, (z,1) = ex;{Zl " )/ijl 4 )~ |og—

k>1 k>1 e 4 — 0z

1 .
[Z]AN(21)~[Z] 2 log 1_qz~q logn.

Hence the average number of irreducible factors is

~(d"logn/qg" = logn.

2
One can also sho#,,, z( 1)—( Iegl—j
gz 1-gz



Distribution of irreducible factors of

monic polynomuals over I,
The probability generating function ftirve sequencesf ,

s p, W)= a, W/ a, =[Z1AzwW)/[Z']AZD).

Note Agw)~ (I-gz)" , and hence

P (w) ~ 1 0 ie(w—l) logn
" (w) (W)

It follows that - 5’"" > IS asymptotically normal with
A
. k J

mean logqy and variance lag .



A general central limit theorem

Suppose the probability generating fuotfor a
sequenced, , } satisfies, with= log

p. (W) ~ 94O yniformly in some disk [s§k
Supposes, - oY "(0f 0. Then

-

> 1S asymptadtally normal with

a,
D.a,
L K )

meanU '(0f, and variant¢ "(B)
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