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1 Introduction and Problem Formulation

=
]
e Rescheduling, just as its name implies, means to schedule the jobs again, ucionanm.
. . The existing. ..
together with a set of new jobs. 1[r;, D () <.
Home Page |

e In the rescheduling on a single machine, a set of original jobs has already been [ ¢ e |
scheduled to minimize some cost objective, when a new set of jobs arrives and | « | »
creates a disruption. The decision maker needs to insert the new jobs into the "« | »

existing schedule without excessively disrupting it. Page 2 of 36
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e By Hall and Potts (2004), the rescheduling problem for jobs on a single ma-

chine can be stated as follows.

Let Jo = {1, ..., Jn, } denote a set of original jobs to be processed non-

preemptively on a single machine.

Introduction and. . .

In the model, we assume that the jobg/in have been scheduled optimally

The existing. ..

1|7j, Dmax(7*) <...

to minimize some classical objective and théats an optimal schedule.
Let Ty = {Jng+1s - Jno+ny | dENOtE a set of new jobs.

erte j = jo U jN Home Page |
Each jobJ; € J has an integral processing time> 0, an integer release e Page |
dater; > 0 and an integer due datk. EN N
We assume that the new jobs’ information (processing times and release SRR
dates) becomes known at time zero after a schedule for the jolhsluds been _Peseslss |
determined, but before processing begins. N
Full Screen |
Letn = np + ny.
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e oF0r any schedule of the jobs in7, we define the following variables:
e S;(o) is the time at which jol/; € J starts its processing.
e Ci(0) = Sj(o) + p; is the time at which jolJ; € J is completed.

o Chax(0) = max{Cj(o)} is the makespan of jobs i under the schedule

g.
e D;(m*,0) is the sequence disruption of job € Jp, i.e., if J; is thex-th
job in 7* and they-th job in o, respectively, thed,(7*, o) = |y — x|.
o Aj(m*,0) = |Cj(0) — C;j(r*)| is the time disruption of joly; € Jo.
Here the sequence disruption of jdbe Jo in schedules is the abso-
lute value of the difference between the positions of that jobamdr*.

When there is no ambiguity, the above five parameters are simplified to

C, Chax, D;(7*), andA;(7*), respectively.
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e The standard classification scheme for scheduling problems is a three-field
classification«|3|y, where« indicates the scheduling environmeptgde-
scribes the job characteristics or restrictive requirements;atefines the
optimality criterion.

Here we consider only single-machine problems, thus implying that
a=1.

Under 3, we indicate a constraint on the amount of disruption where
applicable.

Such constraints include the following four forms:

® Dyax(m") < kX maxjcq,{D;(7")} < k, the maximum sequence disruption
of the jobs cannot exceed

o > Dj(m*) < ki ), eq, Di(7") < k, the total sequence disruption of the
jobs cannot exceekl

® Anax(m) < kX maxjeq,{A;(7*)} < k, the maximum time disruption of
the jobs cannot exceed

o > A7) < ki Y seq,Aj(m7) <k, the total time disruption of the jobs
cannot exceed.
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Let f be the cost function to be minimized.

The scheduling problems are of the following forms:

® 1|Dpax(m*) < K| f

[ ] 1‘ Z Dj(ﬂ'*> S k|f Introduction and. ...

The existing. ..

1|7j, Dmax(7*) <...

o 1|Apa(m*) < K|f

{ 1‘ Z A](ﬂ-*) S k|f Home Page |
For a job sef C 7, a schedule of the jobs in€ C 7 is called regular for Tile Page |
& if there is no other schedutesuch thaiC;(h) < C;(o) for every job.J; and >

there is at lease one joh such thatC;(h) < C;(o).

The jobs in a regular schedule are said to be regularly scheduled.

RIS
Pagecot s |
Gosack |
ee \We will only consider optimal schedules, since there must be an optimal Ful Soreen_|

schedule which is regular whefr= f(C4, ..., C,,) is non-decreasing for each _oee |
Y |
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2 The existing complexity results and

open problems

e Polynomially solved problems:

HARax(7*) < k| Lax, O(n + nylogny), Hall and Potts (OR, 2004)

Home Page |
1| Dmax(7*) < k| Liax, O(n + nylogny), Hall and Potts (OR, 2004) _ Twepage |
44 »»
HApax(7*) < k| > C;,  O(n+nylogny), Halland Potts (OR, 2004) < >
Page 7 of 36 |
1| Diax(7*) < k| > C;,  O(n+nylogny), Halland Potts (OR, 2004) e |
1| D) <k|SCj,  O(ndnd), Hall and Potts (OR, 2004) L
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e NP-hard problems:

1> Aj(m*) < k|Lmax,  Strongly NP-hard Hall and Potts (OR, 2004)

Introduction and. . .

The existing. ..

1> Ai(r*) <k|>.C;, O(nonymin{noPy,nnFo}), Hall and Potts (OR, 2004) ., 5. <...

17, Amax(7*) < k|Cnax, Strongly NP-hard Yuan and Mu (2006)

1|rj, > Aj(7*) < k|Chax, strongly NP-hard Yuan and Mu (2006) vomeage |
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3 1’7“]', Dmax<7T*> < k‘cmax

The following classical scheduling rule will be used.

e ERD Rule: In the earliest release date (ERD) rule, jobs are regularly sequenced in non-
Introduction and. . .

decreasing order of their release dates. The existing ...

1[5, Do (™) <00
e Itis well-known that the ERD rule provides an optimal schedule for the classical schedul-
ing probleml|r;|Cpax-

Home Page

¢ We always assume that the jobs @) are indexed and sequenced in ERD ordetin
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e For simplicity, we also assume that the new jobs are indexed in ERD order, i.e., Page 90f35 |

e For a job sef C 7, the regular schedule of the jobs&rmobtained by ERD rule is called _ owe |
a regular ERD schedule éf Such a schedule is denoted BYRD (). it |
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e We useC'(€) to denote the makespan of the schedtleD (), i.e.,

C(€) = Cnax(ERD(E)).

e A benefit of a regular ERD scheduleRD(€) is that, for every jobJ; € &,
there are no idle times betweenandsS; (the starting time of/;) in the schedule
ERD(E).

(Let.S; be the starting time of; in a regular ERD schedule. If there are
idle times between; andS;, there must be an idle-time interval y) such that
r; <y <.S;. LetJ; be the first job inr such thatS; > y. ThensS; < S; and the
machine is idle in the time intervét, S;). Sinceo is a regular ERD schedule,
we haver; < r; < y. By shifting job J; left with starting at timemax{x, r;},
we obtain another schedulewith C;(h) < C;(o) andCj(h) = Cj(o) for [ # 4.
This contradicts the assumption thwats a regular schedule. Hence, there is no

idle time betweem; andS;.) This fact will be used in the next section.
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OWI’itejM: {J] € jNiTj <7”n0}.

Lemma 1 The probleml|r;, Dyax(m*) < k|Cpax

under the job syster\/p, Jy) can be polynomi- = mesm.
ally reduced to the corresponding problem under

the job system 7y, Jas)- et |

Proof We can observed that, there is an optimal schedule for Tite Page |
1|rj, Dmax(7*) < k|Cpnax under the job systemi7y, Jn) such that the new jobs [ »
with release dates greater than or equal,jo(the largest release date of the orig- I |

Page 11 of 36
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e Based on Lemma 1, we always assume in the followingdhat= 7,;. This
means that for each new job € Jy we haver; < r,,.

e For a schedule of 7 = Jp U Jn and ajobJ; € J, J; is called an inserted
job in 7 if there is a jobJ; € Jp such that/; is processed beforg in 7, i.e.,
Oj(ﬂ') < CZ(T(')
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e Write 7 (o) = {J, : J;is aninserted job i }.

Lemma 2 There is an optimal regular schedule

for the problemi|r;, Dyax(m™) < k|Chax such that ey
the jobs in7y U F () are sequenced in ERD order =
with the jobs in7 being sequenced by the natural

order of their indices. onere |
Title Page |

44 »»

Proof For an optimal schedule for the probleml|r;, Dy (7*) < ——
k|Cmax, We will lose nothing by rescheduling the jobs iy U F(7) in ERD Foic |

order with the jobs in7, being sequenced by the natural order of their indices. _—
Hence, the result holds. O rurseeen_|
Close |
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e The property that the original jobs and the inserted jobs are scheduled in ERD
order is called the weak ERD property.

e By Lemma 2, we only need to find an optimal regular schedule with the weak
ERD property.

Introduction and. . .

e We first introduce some notations. Lete a set of jobs with release dates. e -
Suppose that the jobs @ihave been regularly scheduled by the ERD rule. Un-
der the ERD schedule RD(£), let S; andC}; be the starting time and comple-

tion time of a job.J; € &, respectively. Then each joh € £ occupies a time Home Page |
interval[S;, C;) in ERD(E). Tile Page |
RS
AN
e The benefit of the assumptigity = J), is that, if = is a regular schedule of rege 14013 |

J, then we have cosack |

Omax(ﬂ-) = C(jo U f(ﬂ')) L P(jN \ JT(7T)), Full Screen |
WhereP(jN \ f(W>) - Z‘]jejN\f('fr) Dj- ot

Recall thatC(€£) = max{C, : J; € £} is the makespan dfRD(&).
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e The reason for the above statement is that: r,,, for J; € Jn \ F(7), and

so there are no idle times after johy, in the scheduler.

e Inthe sequel, a subset0f C'(£)) \U.c¢[S;, C;) is called an idle-time space.

e Especially, for0 <t < C(€), we usel (£, t) to denote the maximal idle-time
space after the time moment.e.,I(£,¢) = [t, C(£)) \ U ,e:[5), C;)-

e We also usd. (&, t) to denote the length of(€, t).

e For example, if€ = {J,, Jy, J.} withr, = 1,p, = 1,1, = 4,pp = 2,7, =
7,p. = 3, then, as shown in Figure 1, we hat€f) = 10, 1(£,3) = [3,4) U
6,7)andL(€,3) = (4—3)+ (7T—6) = 2.

[
\
|
0 1 2 3 4 6 7 10
Figure 1.
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e From the definition of/ (£,¢) and L(€,t), we can observe that, if > ¢ is
another time moment such that there are no idle times betwaad? in the
scheduleERD(E), thenI(€,t) = I(£,t') andL(E,t) = L(E,t).

Now let us return to the job system = Jp U Jn.

e Forajob sef C J with Jp C £ and ajobJ; € Jy \ £, we write

X(&,J;) =C(€) +p; — C(EU{J;}).

e X (&, J;) can be interpreted as the length of the idle-time spadeéR1D (&)
which is occupied when jold; is inserted.
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e Similarly, for a subse# C 7 \ &, we write
X(EF)=CE)+PF)-C(EUF),
whereP(F) is the total processing time of the jobs/in

e Also, X (&,F) can be interpreted as the length of the idle-time space in
ERD(&) which is occupied when the jobs jf is inserted.
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e For a regular schedute with the weak ERD property, the makespag. ()
Is calculated by

Crnax(m) = C(Jo U F(m)) + P(In \ F(m))
(Jo) + P(F(r)) — X(Jo, F(m)) + P(In \ F(m))

+ P(

C
C(Jo) In) — X(Jo, F(r)).



http://www.zzu.edu.cn

Introduction and. . .
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e Hence, the target of the problelfr;, Dy, (7*) < k|Chax iS equivalent to find 17, D (7) <.
a subsetF of Jy of cardinality at mosk such thatX (7o, F), the length of the
idle-time space in the ERD schedule of the jobg7mwhich is occupied when

Home Page |

Tite page |
e Based on this observation, the idea of the algorithm in this paper is that, be- L[ » |
ginning from& := J and always choosing the joh € Jx \ £ to be inserted ]
such thatX (&, J;) is as large as possible. Page 19 of 36
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The following lemma can be observed.

Lemma 3 For a job set with Jp C £ and a jobJ; € Jy \ £, we have

X(&,J;) = min{p;, L(E,7;)}.

Introduction and. . .
The existing. ..

1|7j, Dmax(7*) <...

Lemma 4 Suppose thaf and&’ are two sets of jobs such tha) C £ C &',
Suppose further that; € Jx \ €. Then
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The following lemma is critical.

Lemma5 Suppose thaf is a job set with7, C £ such that there is an
optimal regular schedule of 7 = Jp U Jy with the weak ERD property
such that all jobs i€ \ 7, are inserted jobs, i.e£,\ Jp C F(x). Suppose

further that/; € Jy \ € and

X(&,J)) =max{X(&,J;): Ji € In\E}.

If |£\ Jo| <k — 1, then there exists an optimal regular schedule with the
weak ERD property such that all jobs(é \ Jo) U {J;} are inserted jobs,
e, (E\ Jo)U{J;} C F(h).
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Proof Letn be an optimal schedulg = Jp U Jy with the weak ERD
property such that all jobs ifi \ Jo are inserted jobs. I§; is also an inserted
job in 7, we have nothing to do. Hence, we suppose thas not an inserted
jobinrw. Let F = F(r) be the set of all inserted jobs th Then& \ Jp C F,
and

Chax(m) = C(JoUF) + P(In \ F).
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o If |F| < k, then we define a regular schedulgwith the weak ERD
property) fromr by adding/; as an inserted job, i.e., the jobsjiy UF U {J;}

are regularly scheduled in ERD order and the other jobs are regularly scheduled

after the jobs in7p U F U {J;} in any order. Then we have
Cunax(h) = C(Jo UF U{J3}) + P(In \ (FU{J;})).
Consequently, we have
Cinax () — Chnax(h)
= C(JoUF)+p;j—C(JoUFU{J})
= X(JoUF,J,)
> 0.

It follows that/ is also an optimal regular schedule with the weak ERD property
such that the jobs i(€ \ Jp) U {J;} are inserted jobs, i.e(£ \ Jo) U {J,;} C
F(h), as required.
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e In the following, we suppose thaf| = k. ThenF \ £ is not empty. We
will show that there are a jolj; € F \ £ and an optimal regular schedulevith
the weak ERD property such thgt \ {J;}) U {J;} = F(h). This leads to the
conclusion of Lemma 5, sind€ \ Jo) U {J;} C (F(m) \ {Ji}) U{J;}.

Let J; € F \ € be such that;(r) is as large as possible, i.g,,is the last
inserted job inF \ £. The starting time of/; in 7 is S;(7) = C;(w) — p;. By
pushingJ; into the set of inserted jobs and pullingout off the set of inserted

jobs, we obtain a new schedutevith the weak ERD property.
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Recall thatX (7o U (F \ {J;}, J.), for J,. & Jo U (F \ {J;}), is the length
of the idle time space will be occupied by inserting j@bto the regular ERD
scheduleERD(Jo U (F \ {J:})). We have

Cmax(ﬂ-) — C(jO UF) + P(jN\f)
and
Ciax(0) = C(Jo U (F\{Ji}) U{J;}) + P(In \ F) — pj + pi.
Since
C(JoUF) =C(JoU(F\{Ji})) +pi— X(Jo U (F\{Ji}), i)
and
C(Jo U (F\{Ji}) U{J;}) = C(Jo U(F\{Ji})) +pj — X(Jo U (F\{Ji}), J)),
we have
Cmax(ﬂ-) — Cmax(o-)
= C(JoUF) +pj —C(Jo U (F\{J}H) U{J}) —pi

= X(Jo U (F\{Ji}), Jj) = X(Jo U (F\A{Ji}), Ji)-
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In order to show that is an optimal regular schedule with the weak ERD prop-
erty such that the jobs i7F \ {J;}) U {J;} are inserted jobs in, we only need
to prove that

() X(JoU(F\i}), Jj) 2 X(Jo U (F\{Ji}), Ji)-

C(Jo U (F\{Ji})) > C(&),

we claim that there are no idle times aftglin the scheduled® RD(Jp U (F \
{J:})), and thusX (Jo U (F \ {J:})), J;) = 0.

Suppose, to the contrary, that there are idle times after the schedule
ERD(JoU(F\{J;})). SinceC(JoU(F\{Ji})) > C(E), JoU(F\{J;}) # E.
Hence,|F \ {J;}| > |E€\ Jo.
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Let J, be the second last inserted job/n\ &, i.e.,J, € F\ E with z # i
such that;(7) is as large as possible. By the weak ERD property,afe have
r. < r;. This means that there are idle times aftein the schedulé’ RD (7o U
(F\ {J;})). Since there are no idle times betweerand S, (the starting time
of J,) in the schedul&RD(Jp U (F \ {J;})), there are idle times after job,
in the schedul&ZRD(Jo U (F\ {J;})). Lett be the earliest time moment such
that there are no idle times aftein the schedul& RD (7o U (F\ {J;})). Then
J,. is completed beforein the scheduld? RD(Jo U (F \ {J;})). Write

J'={J, € JoU(F\{J}): C,>tin ERD(Jo U (F\{J})}.
Then
min{r, : J, € J'} =t
and 7! C £. Hence, we have

C(Jo U (F\{J4i})) =C(T") < C(€),

a contradiction.
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We conclude the statement that there are no idle timessafitethe sched-
ule ERD(Jo U (F \ {J;})). ConsequentlyX (7o U (F\ {J:})), ;) = 0. It
follows that

X(Jo U (F\A{Ji}), Jj) = X(Jo U(F\{Ji}), Ji),

I.e., () holds in the assumption that( 7o U (F \ {J;})) > C(&), as required.
In the following, we assume that

C(Jo U (F\{Ji})) = C(E).
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We distinguish the following two cases.

Case 1 Si(m) > r;.

In this case, since there are no idle times betweend S;(7), we have
L(Jo U (F\A{Ji}),r) = L(Jo U (F\ {Ji}),Si(m)). Furthermore, we can
observe that

X(Jo U (FA\A{Ji}), Ji) = min{ X (&, Ji), L(To U (F\{Ji}), i)}

and

X(Jo U (F\{Ji}), J;) = min{ X (€, J;), L(TJo U (F\ {Ji}), )}

Since
X(&,J;) > X(E, ;)
and
L(Jo U (F\{Ji}),r;) =2 L(Jo U (F \{Ji}), Si(m)),
we have

X(Jo U (FA\L{i}), Jj) = X(Jo U (F\{Ji}), Ji),
i.e., () holds.
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Case 2 Si(m) < rj.
In this case, we consider two subcases.
Case 2.1 There are idle times betweenandr; in the schedulé’ RD(JpU

(FALIiD):
In this subcase, the two schedulB®D(Jo U (F \ {J;})) and ERD(E)
are the same after the time momentsince.J; is the last job inserted itF \ £

in 7. Hence we have

X(Jo U(F\A{Ji}), J;) = X(E, ;).
By Lemma 4, we further have

X(Jo U (F\A{Ji}), Ji) < X(E, 7).

From the fact
X(&,Jj) > X(&, i),

we deduce that
X(Jo U(F\{4i}), J;) 2 X(Jo U (F\{Ji}), Ji),

l.e., (x) holds.
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Case 2.2 There are no idle times betweenpandr; in ERD(Jo U (F \
{Ji}))-

In this subcase, since there are no idle time betweeandr;, we have
L(Jo U (F\A{Ji}),ri) = L(Jo U (F\ {Ji}),r;). We can further observe that

X(Jo U (FA\A{Ji}), Ji) = min{ X (&, i), L(To U (F\ {Ji}),m:) }
and
X(Jo U(F\{Ji}), J;) = min{ X (€, J;), L(TJo U (F\ {Ji}),r;)}-

From the fact
X(&,J;) > X(&, i),

we deduce that
X (Jo U (F\A{Ji}), J;) =2 X(Jo U (F\{Ji}), Ji),

i.e., () holds. O
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Algorithm for 1[r;, Diax(7*) < k|Chax:

Introduction and. . .
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Stepl Seté .= Jop, i := 0.
Step 2 If i = min{k, ny}, then go to Step 5.

Step 3 ChooseJ; € Jy \ € such thatX (€, J;) is as large as possible. |
_ Teroe |

Title Page

Step 4 Setf :=E&U{J;},i:=1i+ 1. Returnto Step 2. W

Step 5 Sequence the jobs thand 7y \ € in ERD ordersr; andr,, respectively. <« | >

Step 6 The final regular schedule with the weak ERD property is given by Page 32035 _|
(7_(_17 7_(_2). n Go Back |
Close |
Quit |
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The above algorithm begins froéh:= 7, andi := 0. This guarantees that
£\ Jo C F(r) for some optimal schedute with the weak ERD property. In meessing
175, Disese(@) € oo

each iteration, the conditiafi\ Jo| = 7 is kept.

If ¢ = min{k, ny}, this just means that \ Jo = F () for some optimal e
scheduler with the weak ERD property. By the weak ERD property, we se- e ]
quence the jobs i& and 7y \ € in ERD orderr; andm,, respectively, and the e ]
final optimal schedule is given by the sequelicg 7m3). Of course,r, can be : %
chosen as an arbitrary order of the jobs7k \ £, since the maximum release %I
date of jobs i3,,,. —IFu" -

Close

EEEE
Quit |
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Otherwise,Jn \ € is not empty, and we choosg € Jy \ £ such that
X (&, J;) is as large as possible. By Lemma 5, there is an optimal schedule mnueducionan.

The existing. ..

h with the weak ERD property such thef \ Jo) U {J;} C F(h). We set 17 Do (7°) ..

£ =& U{J;} andi := i+ 1, and enter the next iteration. Hence, the algorithm

IS correct. Home Page |
Title Page |

The correctness of the above algorithm is guaranteed by Lemma 5. [« |[» |
The running time of Step 2 in the above algorithm is up bounded by & | v |
O(ny(no + ny)). Hence, the computational complexity of the above al- Page 34013 |
gorithm isO(n% (no + ny)). coack |

Ful sereen |
cose |
Q|
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Thank Youl!

Introduction and. ..
The existing. ..
1|75, Dmax (") <...
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