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1 Introduction and Problem Formulation

• Let n jobsJ1, J2, ..., Jn and a single machine that can handle batch jobs at the

same time be given, where a batch is a subset of jobs and distinct batches cannot

have a job in common.

• We assume in this report that each batch can contain arbitrary many jobs,

i.e., the capacity of batches is unbounded. There is also another model called

bounded batch scheduling in which each batch contains at mostc jobs. But in

this report we only consider the unbounded version.

• Each jobJj has a processing timepj > 0.

• The processing time of a batchB is defined by

pB = max{pj : Jj ∈ B}.

That is, the jobs in a common batch are processed in a parallel form simultane-

ously.

http://www.zzu.edu.cn
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• Hence, the studied scheduling model is called parallel batch scheduling. (If

the processing time of a batchB is defined bypB =
∑

Jj∈B pj, then the corre-

sponding model is called serial batch scheduling.)

• Each jobJj has a release daterj. This means that jobJj cannot start being

processing before the time momentrj.

• The release date of a batchB is defined by

rB = max{rj : Jj ∈ B}.

Clearly, batchB cannot be processed beforerB.

• There are precedence relations≺ between the jobs, i.e.,Ji ≺ Jj means that

Ji must be completed beforeJj starts; furthermore,Ji ≺ Jj andJj ≺ Jk imply

Ji ≺ Jk.

http://www.zzu.edu.cn
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• Especially, we say the precedence relations≺ between the jobs are chains if

the set of all jobs can be partitioned intom job subsets{J(i,j) : 1 ≤ j ≤ ni},

1 ≤ i ≤ m, such that the precedence relations are given bym chains (total

orders):

J(i,1) ≺ J(i,2) ≺ ... ≺ J(i,ni), 1 ≤ i ≤ m.

• If Ji andJj are two jobs such thatJi ≺ Jj, we require thatJj is processed

at or after the completion time ofJi, and soJi andJj cannot be processed

in the same batch. In fact, ifJi ∈ Bx andJj ∈ By, then batchBx must be

processed before batchBy.

• Following Brucker (2001) and Lenstra et al. (1977), the parallel batch

scheduling problem is denoted by

1|rj; prec; p-batch|f,

wheref is the objective function to be minimized, and “p-batch” means

“parallel batch”.

http://www.zzu.edu.cn
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• A feasible schedule is given by a batch sequence

BS = (B1, B2, ..., BN),

such that, for any two jobsJi andJj with Ji ≺ Jj, if Ji ∈ Bx andJj ∈ By,

thenx < y.

• Whence a feasible batch sequenceBS = (B1, B2, ..., BN) is given, we as-

sume that each batch starts at the earliest possible starting time such that

every two distinct batches do not overlap each other.

• Hence, the starting timeSBj
and completion timeCBI

can be defined recur-

sively in the following way:

SB1
= rB1

andCB1
= SB1

+ pB1
,

and fori ≥ 2,

SBi
= max{rBi

, CBi−1
} andCBi

= SBi
+ pBi

.

http://www.zzu.edu.cn
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• If rj = 0 for all jobs, then the completion time of any batchBx is naturally

CBx
=

x∑
i=1

max
Jj∈Bi

pj.

• Suppose that each jobJj has a due datedj.

• Lj(π) = Cj(π)− dj: the lateness of jobJj under scheduleπ.

• Tj(π) = max{0, Lj(π)}: the tardiness of jobJj under scheduleπ.

• Uj(π) = 1 if Tj(π) > 0 andUj(π) = 0 if Tj(π) ≤ 0.

http://www.zzu.edu.cn
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• The common objective functions has the following form:

Cmax : Cmax(π) = max{Cj(π) : 1 ≤ j ≤ n}, the makespan;

Lmax : Lmax(π) = max{Lj(π) : 1 ≤ j ≤ n}, the maximum lateness;∑
Cj :

∑
1≤i≤n Cj(π), the total completion time;∑

Tj :
∑

1≤i≤n Tj(π), the total tardiness;∑
Uj :

∑
1≤i≤n Uj(π), the number of tardy jobs;∑

wjCj :
∑

1≤i≤n wjCj(π), the total completion time;∑
wjTj :

∑
1≤i≤n wjTj(π), the total tardiness;∑

wjUj :
∑

1≤i≤n wjUj(π), the weighted number of tardy jobs.

• All of the above objective functions are regular, where a scheduling objec-

tive functionf(C1, C2, ..., Cn) is called regular if it is nondecreasing for each

job’s completion timeCj. Occasionally, some results or algorithms may be

applied for all regular functions.

http://www.zzu.edu.cn
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2 The existing complexity results and
open problems
• Polynomially solved problems:

1| p-batch|Cmax, O(n), Brucker et al. (JOS, 1998)

1|rj; p-batch|Cmax, O(n2), Lee and Uzsoy (IJPR, 1999)

1| p-batch|fmax, polynomial, Brucker et al. (JOS, 1998)

1| p-batch|Lmax, O(n2), Brucker et al. (JOS, 1998)

1| p-batch|
∑

Cj, O(n log n), Brucker et al. (JOS, 1998)

1| p-batch|
∑

wjCj, O(n log n), Brucker et al. (JOS, 1998)

1| p-batch|
∑

Uj, O(n3), Brucker et al. (JOS, 1998)

1|rj; pj = p; p-batch|f, polynomial, Baptiste (MMOR, 2000)

1|prec; pj = p; p-batch|f, O(n2), Brucker and Knust (2000)

1|rj; prec; pj = p; p-batch|Cmax, O(n2),

Cheng, Yuan and Yang (CAOR, 2005), posed as open by Brucker and Knust (2000)

http://www.zzu.edu.cn
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• NP-hard problems:

1| p-batch|
∑

wjTj, ordinary NP-hard, O(n2P ),

Brucker et al. (JOS, 1998)

1| p-batch|
∑

Tj, ordinary NP-hard,

Liu, Yuan and Cheng (ORL, 2003),
Posed as open by Brucker et al. (JOS, 1998)

1| p-batch|
∑

wjUj, ordinary NP-hard, O(n2P ),

Brucker et al. (JOS, 1998)

1|rj; p-batch|Lmax, ordinary NP-hard, O(n2P ),

Cheng, Liu and Yu (IIE Trans. 2001)

1|rj; p-batch|
∑

wjCj, ordinary NP-hard, O(n2P ),

Deng and Zhang (LNCS. 1999)

1|rj; p-batch|f, ordinary NP-hard, O(n4P 3),

Liu, Yuan and Cheng (ORL, 2003)

1|chains; p-batch|Cmax, strongly NP-hard,

Cheng, Ng, Yuan and Liu (NRL, 2004)

1|chains; p-batch|
∑

Cj, strongly NP-hard,

Cheng, Ng, Yuan and Liu (NRL, 2004)

http://www.zzu.edu.cn
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The last two results implies that

1|chains; p-batch|f

is strongly NP-hard for every

f ∈ {Cmax, Lmax,
∑

Cj,
∑

Tj,
∑

Uj,
∑

wjCj,
∑

wjTj,
∑

wjUj}.

The exact complexity of these problems are posed as open (Brucker and Knust,

2000) in the from

1|prec; p-batch|f.

http://www.zzu.edu.cn
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• Open problems:

(1) 1|rj, p-batch|
∑

Cj. See Liu, Yuan and Cheng (ORL, 2003).

(2) 1|prec; rj; pj = p; p-batch|f for every

f ∈ {Lmax,
∑

Cj,
∑

Tj,
∑

Uj,
∑

wjCj,
∑

wjTj,
∑

wjUj}.

(3) 1|chains; rj; pj = p; p-batch|f for every

f ∈ {Lmax,
∑

Cj,
∑

Tj,
∑

Uj,
∑

wjCj,
∑

wjTj,
∑

wjUj}.

http://www.zzu.edu.cn
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3 NP-hardness proof

• We will show that1|chains; p-batch|Cmax is strongly NP-hard.

• The reduction will use the NP-complete vertex cover problem of graphs.

• For a graphG, V = V (G) andE = E(G) denote its sets of vertices and

edges, respectively.

• An edgee with end verticesu andv will be denoted bye = uv = vu.

• For e = uv ∈ E, we say thate is incident tou andu is incident toe.

• A vertex subsetS ⊆ V (G) is said to be a vertex cover ofG, if for every edge

e ∈ E(G) there isu ∈ S such thate is incident tou.

• A pathP of G is a sequence of vertices(v1, v2, ..., vk) such thatvi 6= vj for

i 6= j andvivi+1 ∈ E(G) for 1 ≤ i ≤ k − 1. A pathP of G can be regarded as

a subgraph ofG.

http://www.zzu.edu.cn
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• A Hamiltonian path of a graphG is a pathP of G such thatV (P ) = V (G).

• For two graphsG andH, the joint ofG andH, denoted byG+H, is obtained

from G andH by joining each vertex inG with each vertex inH with edges.

• Vertex cover problem: For a given graphG and a positive integerk with

k ≤ |V (G)| − 1, is there a vertex coverS of G such that|S| ≤ k?

• By Garey (1976 and 1979), it is known that the vertex cover problem is NP-

complete in the strong sense.

• For the vertex cover problem, if a Hamiltonian path of the considered graph

is given as input, the special vertex cover problem is called “restricted vertex

cover problem” in this paper.

http://www.zzu.edu.cn
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Lemma 1 The restricted vertex cover problem of
graphs is NP-complete in the strong sense.

Proof The restricted vertex cover problem of graphs is a subproblem of

the vertex cover problem, and so in the class NP. To prove the NP-completeness,

we establish a polynomial reduction from the vertex cover problem of graphs to

the restricted one.

Let an instance of the vertex cover problem be given, which inputs a graph

G with V (G) = {v1, v2, ..., vn} and an integerk with 1 ≤ k ≤ n − 1 and asks

whether or not there is a vertex coverS of G such that|S| ≤ k. We construct

an instance of the restricted vertex cover problem (i.e., a graphH together with

a Hamiltonian pathP and an integerk′ with 1 ≤ k′ ≤ |V (H)| − 1) as follows.

SetH = G+Kn, whereKn is the complete graph with vertex setV (Kn) =

{u1, u2, ..., un} such thatV (Kn)∩V (G) = ∅. SetP = (u1, v1, u2, v2, ..., un, vn)

andk′ = n + k.

http://www.zzu.edu.cn
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The above construction takes a polynomial time. Moreover,P is clearly a

Hamiltonian path ofH.

It is routine to check thatS is a vertex cover ofG with |S| ≤ k if and only

if S ′ = S ∪ {u1, u2, ..., un} is a vertex cover ofH with |S ′| ≤ k′ = n + k.

This means that the vertex cover problem can be polynomially reduced to the

restricted vertex cover problem. By the fact that the vertex cover problem is

strongly NP-complete, we conclude that the restricted vertex cover problem is

strongly NP-complete. 2

http://www.zzu.edu.cn
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Theorem 2 The scheduling problem
1|chains; p-batch|Cmax is strongly NP-hard.

Proof The decision version of the considered scheduling problem asks,

for a given instance of the problem and a positive integerY , whether there is a

feasible batch sequenceBS such thatCmax(BS) ≤ Y . It can be easily seen that

the decision problem is in NP. To prove the strong NP-completeness, we use the

strongly NP-complete restricted vertex cover problem for the reduction.

Let an instance of the restricted vertex cover problem be given, which inputs

a graphG with V (G) = {v1, v2, ..., vn}, a Hamiltonian pathP = (v1, v2, ..., vn)

of G and an integerk with 1 ≤ k ≤ n − 1 and asks whether or not there is a

vertex coverS of G such that|S| ≤ k. Write m = |E(G)|. We construct an in-

stance of the decision version of the scheduling problem1|chains; p-batch|Cmax

as follows.

http://www.zzu.edu.cn
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We havem(n−1)+n jobs. Each vertexvi ∈ V (G) corresponds to a vertex

job Ji, 1 ≤ i ≤ n. Each edgevivj ∈ E(G) with i < j corresponds ton−1 edge

jobs

J(1;i,j), J(2;i,j), J(3;i,j), ..., J(n−1;i,j).

The processing time of each job is defined in the following way. For1 ≤ i ≤ n,

the processing timepi of the vertex jobJi is n. For 1 ≤ x ≤ n − 1 and

vivj ∈ E(G) with i < j, the processing timep(x;i,j) of the edge jobJ(x;i,j) is

p(x;i,j) =

 n + 1, if either i = x or j = x + 1;

n, otherwise.

(We should note that, for every edgevivj ∈ E(G) with i < j, among the jobs

J(x;i,j), 1 ≤ x ≤ n − 1, J(i;i,j) andJ(j−1;i,j) are the only jobs with processing

timen + 1.)

http://www.zzu.edu.cn
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The immediate precedence relations between the jobs are defined by the follow-

ing m + 1 chains:

J1 ≺ J2 ≺ ... ≺ Jn;

J(1;i,j) ≺ J(2;i,j) ≺ ... ≺ J(n−1;i,j),

for vivj ∈ E(G) with i < j. The threshold valueY is defined asY = n2 + k.

We ask whether there is a feasible batch sequenceBS such that the makespan

underBS is at mostY .

The above reduction takes a polynomial time. In the following, we will

prove that the instance of the restricted vertex cover problem has a vertex cover

S ⊆ V (G) such that|S| ≤ k if and only if the instance of the problem

1|chains; p-batch|Cmax has a feasible batch sequence with makespan at most

Y .

http://www.zzu.edu.cn
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If the instance of the restricted vertex cover problem has a vertex cover

S ⊆ V (G) such that|S| ≤ k, then for each edgeuv ∈ E(G) at least one ofu

andv is in S. For the reason thatP = (v1, v2, ..., vn) is a Hamiltonian path of

G, for eachi with 1 ≤ i ≤ n− 1, eithervi ∈ S or vi+1 ∈ S. We define the batch

sequence

BS = (B1, B2, ..., Bn)

in the following way. For1 ≤ i ≤ n, we setJi ∈ Bi. For vivj ∈ E(G) with

i < j, if {vi, vj} ⊆ S, we set

J(x;i,j) ∈ Bx, when1 ≤ x ≤ j − 2,

J(x;i,j) ∈ Bx+1, whenj − 1 ≤ x ≤ n− 1;

if vi ∈ S andvj 6∈ S, we set

J(x;i,j) ∈ Bx, for 1 ≤ x ≤ n− 1;

if vi 6∈ S andvj ∈ S, we set

J(x;i,j) ∈ Bx+1, for 1 ≤ x ≤ n− 1.

It is not hard to see thatBS = (B1, B2, ..., Bn) is a feasible schedule, and

that the processing time of each batch is eithern or n + 1.

http://www.zzu.edu.cn
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Now for a jobJ , let σ(J) be the vertexvx such thatJ ∈ Bx.

Claim 1 For every jobJ with processing timen + 1, σ(J) ∈ S.

Let J be a job with processing timen + 1. Then there must be an edge

vivj ∈ E(G) with i < j, such that eitherJ = J(i;i,j) or J = J(j−1;i,j). By the

definition of vertex cover, at least one ofvi andvj is in S. We distinguish the

following three cases.

Case 1 J = J(i;i,i+1).

In this case, by the definition of the batch sequenceBS, if vi+1 ∈ S, then

σ(J) = vi+1 ∈ S; if vi ∈ S andvi+1 6∈ S, thenσ(J) = vi ∈ S.

Case 2 J = J(i;i,j) andi ≤ j − 2.

In this case, by the definition of the batch sequenceBS, if vi ∈ S, then

σ(J) = vi ∈ S; if vi 6∈ S, then by the factvivi+1 ∈ E(G), σ(J) = vi+1 ∈ S.

Case 3 J = J(j−1;i,j) andi ≤ j − 2.

In this case, again by the definition of the batch sequenceBS, if vj ∈ S,

thenσ(J) = vj ∈ S; if vj 6∈ S, then by the factvj−1vj ∈ E(G), σ(J) = vj−1 ∈
S. This completes the proof of Claim 1.

http://www.zzu.edu.cn
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Now by the result of Claim 1, for eachvx 6∈ S, the processing time ofBx is

n under the batch sequenceBS; for eachvy ∈ S, the processing time ofBy is

at mostn + 1 under the batch sequenceBS. Hence, the makespan underBS is

at mostn(n− |S|) + (n + 1)|S| = n2 + |S| ≤ n2 + k = Y .

On the other hand, suppose thatBS∗ = (A1, A2, ..., AN) is a feasible batch

sequence such that the makespan underBS∗ is at mostY = n2 + k. By the

fact that the processing time of each job is eithern or n + 1, we know that the

processing time of each batchAi (1 ≤ i ≤ N ) is eithern or n + 1. This means

thatN ≤ n. BecauseJ1 ≺ J2 ≺ ... ≺ Jn, there are at leastn different batches

under any feasible batch sequence. Hence, we must haveN = n. Set

S∗ = {vx : the processing time of the batchAx is n + 1}.

By the fact that the makespan underBS∗ is at mostY = n2 + k, |S∗| ≤ k.

Hence, we only need to show thatS∗ is a vertex cover ofG in the following.

http://www.zzu.edu.cn
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Let vivj with i < j be an edge ofG. ThenJ(i;i,j) andJ(j−1;i,j) are the only

jobs with processing timen + 1 among the jobsJ(x;i,j), 1 ≤ i ≤ n − 1. By the

fact that the chain

J(1;i,j) ≺ J(2;i,j) ≺ J(3;i,j) ≺ ... ≺ J(n−1;i,j)

containsn − 1 jobs, one of the following cases must occur: eitherJ(i;i,j) ∈ Ai

andJ(j−1;i,j) ∈ Aj−1, or J(i;i,j) ∈ Ai andJ(j−1;i,j) ∈ Aj, or J(i;i,j) ∈ Ai+1 and

J(j−1;i,j) ∈ Aj. In the first case,vi ∈ S∗; in the second case,{vi, vj} ⊆ S∗; and

in the third case,vj ∈ Aj. Hence, at least one ofvi andvj is in S∗. This means

thatS∗ is a vertex cover ofG with |S∗| ≤ k. The proof is completed. 2

http://www.zzu.edu.cn
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Theorem 3 The scheduling problem
1|chains; p-batch|

∑
Cj is strongly NP-hard.

Proof The decision version of the considered scheduling problem asks,

for a given instance of the problem and a positive integerY , whether there is a

feasible batch sequenceBS such that
∑

Cj(BS) ≤ Y . It can easily be seen that

the decision problem is in NP. To prove the strong NP-completeness, we again

use the strongly NP-complete restricted vertex cover problem for the reduction.

Let an instance of the restricted vertex cover problem be given, which inputs

a graphG with V (G) = {v1, v2, ..., vn}, a Hamiltonian pathP = (v1, v2, ..., vn)

of G and an integerk with 1 ≤ k ≤ n − 1 and asks whether or not

there is a vertex coverS of G such that|S| ≤ k. Write m = |E(G)|.
We construct an instance of the decision version of the scheduling problem

1|chains; p-batch|
∑

Cj as follows.

http://www.zzu.edu.cn
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We havem(n − 1) + n + M jobs, whereM = (mn − m + n)(n2 + k).

Each vertexvi ∈ V (G) corresponds to a vertex jobJi, 1 ≤ i ≤ n. Each edge

vivj ∈ E(G) with i < j corresponds ton− 1 edge jobs

J(1;i,j), J(2;i,j), J(3;i,j), ..., J(n−1;i,j).

In addition, we haveM large jobsJn+1, Jn+2, ..., Jn+M . The processing time of

each job is defined in the following way. For1 ≤ i ≤ n, the processing timepi

of the vertex jobJi is n. For1 ≤ i ≤ M , the processing timepn+i of the large

job Jn+i is nM . For1 ≤ x ≤ n− 1 andvivj ∈ E(G) with i < j, the processing

timep(x;i,j) of the edge jobJ(x;i,j) is

p(x;i,j) =

 n + 1, if either i = x or j = x + 1;

n, otherwise.

http://www.zzu.edu.cn
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The immediate precedence relations between jobs are defined by the following

m + 1 chains:

J1 ≺ J2 ≺ ... ≺ Jn ≺ Jn+1 ≺ Jn+2 ≺ ... ≺ Jn+M ;

J(1;i,j) ≺ J(2;i,j) ≺ ... ≺ J(n−1;i,j),

for vivj ∈ E(G) with i < j. The threshold valueY is defined as

Y = (n2 + k + 1)M +
1

2
nM 2(M + 1).

We ask whether or not there is a feasible batch sequenceBS such that∑
Cj(BS) ≤ Y .

The above reduction takes a polynomial time. In the following, we will

prove that the instance of the restricted vertex cover problem has a vertex

cover S ⊆ V (G) such that|S| ≤ k if and only if the instance of the

problem1|chains; p-batch|
∑

Cj has a feasible batch sequenceBS such that∑
Cj(BS) ≤ Y .

http://www.zzu.edu.cn


Introduction and . . .

The existing . . .

NP-hardness proof

Home Page

Title Page

JJ II

J I

Page 26 of 30

Go Back

Full Screen

Close

Quit

If the instance of the restricted vertex cover problem has a vertex cover

S ⊆ V (G) such that|S| ≤ k, we define the batch sequence

BS = (B1, B2, ..., Bn+M)

in the following way. For1 ≤ i ≤ n + M , we setJi ∈ Bi. For vivj ∈ E(G)

with i < j, if {vi, vj} ⊆ S, we set

J(x;i,j) ∈ Bx, when1 ≤ x ≤ j − 2,

J(x;i,j) ∈ Bx+1, whenj − 1 ≤ x ≤ n− 1;

if vi ∈ S andvj 6∈ S, we set

J(x;i,j) ∈ Bx, for 1 ≤ x ≤ n− 1;

if vi 6∈ S andvj ∈ S, we set

J(x;i,j) ∈ Bx+1, for 1 ≤ x ≤ n− 1.
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It is not hard to see thatBS = (B1, B2, ..., Bn+M) is a feasible schedule.

By the discussion of theif part of Theorem 2, the completion time of the batch

Bi, 1 ≤ i ≤ n, is at mostn2 + k. Then the completion time of the batch

Bn+i = {Jn+i}, 1 ≤ i ≤ M , is at most(n2 + k) + inM . For the reason that the

first n batches containmn − m + n jobs, the total completion time of jobs can

be roughly estimated as

∑
Cj(BS) ≤ (mn−m + n)(n2 + k) +

M∑
i=1

(n2 + k + inM) = Y.

This implies that the instance of the scheduling problem has a required batch

sequence.
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On the other hand, suppose thatBS∗ = (A1, A2, ..., AN) is a feasible batch

sequence such that the total completion time of jobs underBS∗ is at mostY .

By the fact that

J1 ≺ J2 ≺ ... ≺ Jn ≺ Jn+1 ≺ Jn+2 ≺ ... ≺ Jn+M ,

then vertex jobs must be processed before the large jobs with each vertex job

being processed in one batch. Because each vertex job has processing timen,

the starting time of any batch that contains a large job must be at leastn2. If

there is an edge jobJ that is processed either in the same batch as a large job

or after a large job, then by the fact that the large job has processing timenM ,

the completion time of jobJ is at leastn2 + nM . Because the completion time

of the large jobJn+i is at leastn2 + inM , the total completion time of the jobs

underBS∗ is greater than

n2 + nM +
M∑
i=i

(n2 + inM) = Y + (n− k − 1)M + n2 > Y.
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This contradicts our assumption. Hence, each edge job must be processed before

every large job. Denote by∆ the maximum completion time of vertex jobs and

edges jobs. If∆ ≥ n2 + k + 1, then the completion time of the large jobJn+i is

at leastn2 + k + 1 + inM . It follows that the total completion time of the jobs

underBS∗ is greater than

M∑
i=1

(n2 + k + 1 + inM) = Y.

This contradicts our assumption again. Hence, we must have∆ ≤ n2 + k.

The above discussion means that there is a feasible batch sequenceBS ′ for

the vertex jobs and edge jobs such that the makespan∆ is at mostn2 + k. By

the discussion of theonly if part of Theorem 2, there is a vertex coverS∗ of G

such that|S∗| ≤ k. This completes the proof. 2
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Thank You!
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