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1 Introduction and Problem Formulation

e Letn jobs /i, Js, ..., J, and a single machine that can handle batch jobs at the

same time be given, where a batch is a subset of jobs and distinct batches cannot

have a job in common.

e \We assume in this report that each batch can contain arbitrary many jobs,
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l.e., the capacity of batches is unbounded. There is also another model called

bounded batch scheduling in which each batch contains atdmobs. But in

this report we only consider the unbounded version.
e Each jobJ; has a processing timg > 0.

e The processing time of a baté¢his defined by
pp = max{p, : J; € B}.

That is, the jobs in a common batch are processed in a parallel form simultane-

ously.
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e Hence, the studied scheduling model is called parallel batch scheduling. (If
the processing time of a batdhis defined by = ijeB p;, then the corre-

sponding model is called serial batch scheduling.) inoduction and. -
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e Each jobJ; has a release datg. This means that job; cannot start being

processing before the time moment

- - Home Page |
e The release date of a batéhis defined by Terage |
rp = max{r; : J; € B}. LS

Clearly, batchB cannot be processed beforg Page 3 0f 30
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e There are precedence relatiorsbetween the jobs, i.e.J; < J; means that [ comas |
T

J; < J. |
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e Especially, we say the precedence relatiertsetween the jobs are chains if
the set of all jobs can be partitioned intojob subsetg.J; ;y : 1 < j < n;},
1 < i < m, such that the precedence relations are givemlphains (total
orders):
Ji < Ju2) < 2 Jn), 1 <1 <m.

e If J; andJ; are two jobs such that; < J;, we require that/; is processed
at or after the completion time of;, and soJ; and.J; cannot be processed
in the same batch. In fact, if; € B, andJ; € B, then batchB, must be
processed before batd),.
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e Following Brucker (2001) and Lenstra et al. (1977), the parallel batch RS
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scheduling problem is denoted by

1|r;; prec; p-batch|f,

where f is the objective function to be minimized, and “p-batch” means

“parallel batch”.
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e A feasible schedule is given by a batch sequence

BS = (B, Bs, ..., By),

such that, for any two jobg; andJ; with J; < J;, if J; € B, andJ; € B, inroduction and. .

th e n xr < y . NP-hardness proof

e Whence a feasible batch sequerit& = (B, Bo, ..., By) IS given, we as-
sume that each batch starts at the earliest possible starting time such that| Femerage |

every two distinct batches do not overlap each other. Tite Page |

44 4
e Hence, the starting tim&z. and completion tim&'s, can be defined recur- LS
] ]

sively in the following way:
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e If r; = 0 for all jobs, then the completion time of any batbh is naturally

Cp, = ; e p;
e Suppose that each joh has a due date,.
o L;(m) = Cj(m) — d;: the lateness of jo; under schedule.
o 1;(m) = max{0, L;(m)}: the tardiness of joby; under schedule.

o Uj(m) =11if Tj(m) > 0andU;(r) = 0 if Tj(m) <O0.
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e The common objective functions has the following form:

Crnax : Cmax (7T)

= max{Cj(m) : 1 < j <n}, the makespan

Lax : Liax(m) = max{L;(m) : 1 < j < n}, the maximum lateness
>.Ci: >, Cj(m), the total completion time

> Ty >, Tj(m), the total tardiness

> Ui > i<, Uj(m), the number of tardy jobs

> w;iCj Zl<z<nw]
ZU}]T} . Zl<z<n w]
ZwJUJ : Zl<z<n w]

e All of the above objective functions are regular, where a scheduling objec-
tive functionf(Cy, Cs, ...,

m)
i(m), the total completion time
i

7), the total tardiness

(), the weighted number of tardy jobs

C,) is called regular if itis nondecreasing for each

job’s completion time’’;. Occasionally, some results or algorithms may be

applied for all regular functions.
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2 The existing complexity results and
open problems

e Polynomially solved problems:

1| p-batchCiyax, O(n), Brucker et al. (JOS, 1998)
1|r;; p-batcHCpax, O(n?), Lee and Uzsoy (IJPR, 1999)
1| p-batch fiax, polynomial Brucker et al. (JOS, 1998)
1| p-batchL .y, O(n?), Brucker et al. (JOS, 1998)
1| p-batch > C}, O(nlogn), Bruckeretal. (JOS, 1998)
1| p-batch )" w;C}, O(nlogn), Bruckeretal. (JOS, 1998)
1| p-batch >~ U;, O(n?), Brucker et al. (JOS, 1998)
L|r;; p; = p; p-batchf, polynomial Baptiste (MMOR, 2000)
l|prec; p; = p; p-batchf, O(n?), Brucker and Knust (2000)

1|rj; prec; p; = p; p-batchCuay, O(n?),
Cheng, Yuan and Yang (CAOR, 2005), posed as open by Brucker and Knust (2000)
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e NP-hard problems:

1| p-batch > w;, T}, ordinary NP-hard O(n?P),
Brucker et al. (JOS, 1998)
1| p-batch > T3, ordinary NP-hard

Liu, Yuan and Cheng (ORL, 2003),
Posed as open by Brucker et al. (JOS, 1998)

1| p-batch }" w;U;, ordinary NP-hard O(n?P),
Brucker et al. (JOS, 1998)
1|rj; p-batchLyax, ordinary NP-hardO(n?P),

Cheng, Liu and Yu (lIE Trans. 2001)
1|r;; p-batch > w;C;,  ordinary NP-hardO(n?P),

Deng and Zhang (LNCS. 1999)
1|r;; p-batchf, ordinary NP-hardO(n*P?3),

Liu, Yuan and Cheng (ORL, 2003)
1|chains; p-batchC.x, strongly NP-hard

Cheng, Ng, Yuan and Liu (NRL, 2004)
1|chains; p-batch) C;, strongly NP-hard

Cheng, Ng, Yuan and Liu (NRL, 2004)
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The last two results implies that Introduction and. .
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l|chains; p-batchf

is strongly NP-hard for every omerage |
f S {Cma}Q LmaX7 Sj C]7 Sj 7—37'7 Sj Uja Sj ijja Z wjfr,ﬁ Z w]U]} —l
44 4
The exact complexity of these problems are posed as open (Brucker and Knust, | « | »
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e Open problems:

(1) 1|r;, p-batch ) C;. See Liu, Yuan and Cheng (ORL, 2003).

(2) 1|prec; r;; p; = p; p-batchf for every

f € {Lmass Y Ci ) Ty, > Up Y wiCy, > wiTy, Y w;ls}.

(3) 1|chains; rj; p; = p; p-batchf for every

fe{lma, Y Ci,> T3, ) Ui > wiCy Y wiTy, Yy w;Us}.
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3 NP-hardness proof

e We will show thatl |chains; p-batchC,.y is strongly NP-hard.

e The reduction will use the NP-complete vertex cover problem of graphs.
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e For a graphGG, V = V(G) and E = E(G) denote its sets of vertices and

edges, respectively.

Home Page |
e An edgee with end vertices: andv will be denoted by = uv = vu.
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e Fore = uwv € E, we say that is incident tou andw is incident toe. e
] ]
e A vertex subsef C V(G) is said to be a vertex cover o, if for every edge page 120130 |
e € E(G) there isu € S such that is incident tou. Gosack |
Full Screen |

e A path P of GG is a sequence of verticgs,, vs, ..., v;) such thaw,; # v; for
Close |
i # j andvv;11 € E(G) for1 <i <k — 1. A pathP of G can be regarded as o |
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e A Hamiltonian path of a grapt¥ is a pathP of G such that/ (P) = V(G).

e For two graphs> and H, the joint of G and H, denoted by~ + H, is obtained AL

The existing. ..

from G and H by joining each vertex ird7 with each vertex inff with edges. NP-hardness proof

e Vertex cover problem: For a given graplG and a positive integet with

k < |V(G)| — 1, is there a vertex coves of G such thatS| < k? |
Title Page |

e By Garey (1976 and 1979), it is known that the vertex cover problem is NP- = T« "5

complete in the strong sense. <« |
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Lemma 1 The restricted vertex cover problem of
graphs is NP-complete in the strong sense.

Proof The restricted vertex cover problem of graphs is a subproblem of

Introduction and. . .

the vertex cover problem, and so in the class NP. To prove the NP-completenessy®®m

we establish a polynomial reduction from the vertex cover problem of graphs to T
the restricted one.

Let an instance of the vertex cover problem be given, which inputs a graph. —
G with V(G) = {v1,vs, ..., v, } and an integek with 1 < k < n — 1 and asks

whether or not there is a vertex covgrof G such thatS| < k. We construct
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Hamiltonian path of.
It is routine to check tha$ is a vertex cover ofy with | S| < k if and only

Home Page

if " = S U {uy,us,...,u,} is a vertex cover off with |[S"| < k' = n + k. |
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This means that the vertex cover problem can be polynomially reduced to the

e

restricted vertex cover problem. By the fact that the vertex cover problem is

strongly NP-complete, we conclude that the restricted vertex cover problem is
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Theorem 2 The scheduling problem
1|chains; p-batch|C'y .« IS strongly NP-hard.
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Proof The decision version of the considered scheduling problem asks, | ™ e

NP-hardness proof

for a given instance of the problem and a positive intégewhether there is a
feasible batch sequenéss such that,,.«(BS) < Y. It can be easily seen that
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Let an instance of the restricted vertex cover problem be given, which inputs: = &

the decision problem is in NP. To prove the strong NP-completeness, we use the

strongly NP-complete restricted vertex cover problem for the reduction.

a graphG with V(G) = {vy,vs, ..., v, }, @ Hamiltonian pattP = (v, vs, ..., vy)
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We havemn(n — 1) +n jobs. Each vertex; € V(G) corresponds to a vertex
job J;, 1 <i < n. Eachedge;v; € E(G) with i < j corresponds te — 1 edge
jobs

Jwig)s J2ig) J@ig)s - Jn-tiig)-
The processing time of each job is defined in the following way.1Far: < n,
the processing time; of the vertex jobJ; isn. Forl < z < n —1 and

viv; € E(G) with i < j, the processing timg,,.; ;y of the edge job/(,.; ; is

n+1, ifeitheri=xorj =2+ 1;
P(asi,g) = _
n, otherwise
(We should note that, for every edgg; € E(G) with i < j, among the jobs
J(x;i,j)’ 1 S X S n — 1, J(

timen + 1.)

i-i.j) and J;_1.; ;) are the only jobs with processing

Introduction and. . .
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The immediate precedence relations between the jobs are defined by the follow-
ing m + 1 chains:

Introduction and. . .

J1 < o < ... =< I
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Jtig) = J@ig) = - = Jn—15i);

for v;v; € E(G) with i < j. The threshold valug is defined ay” = n? + k. .
We ask whether there is a feasible batch sequénheeuch that the makespan rworage |

underBS is at mosty’. <
The above reduction takes a polynomial time. In the following, we will <

prove that the instance of the restricted vertex cover problem has a vertex cover e e |
S C V(G) such that|S| < k if and only if the instance of the problem cosack |
1|chains; p-batch|Cy,. has a feasible batch sequence with makespan at most | Riiseeen |

Y . Close |
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If the instance of the restricted vertex cover problem has a vertex cover

S C V(G) such thatS| < k, then for each edgev € E(G) at least one of:
andv is in S. For the reason tha® = (v, v9, ..., v,,) IS @ Hamiltonian path of
G, for eachi with 1 < i < n—1, eitherv;, € S orv;,; € S. We define the batch
sequence

BS = (Bi, By, ..., B,)

in the following way. Forl < i < n, we set); € B;. Forvv; € E(G) with
i < g, if{v;,v;} C S, we set

J@ij) € Bey Whenl <z <j—2,
J@:ij) € Bey1, Whenj —1 <z <n—1;
if v; € Sandv; € S, we set
i) € By, forl1 <oz <n—1;
if v; € Sandv; € S, we set
Jwij) € Bey1, for1 <ax <n -1

It is not hard to see tha®S = (B, Bo, ..., B,,) is a feasible schedule, and
that the processing time of each batch is either n + 1.
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Now for a jobJ, leto(J) be the vertex, such that/ € B,.
Claim 1 For every jobJ with processing time + 1, o(J) € S.

Let J be a job with processing time + 1. Then there must be an edge

viv; € E(G) with ¢ < j, such that eithed = J;; ;y or J = J By the
definition of vertex cover, at least one afandv; is in S. We distinguish the

i5,5) j—1i,5)
following three cases.

Case 1l J = Jiiit)-

In this case, by the definition of the batch sequeB¢g if v, ; € S, then
o(J)=v;41 € S;ifv; € Sandv; 1 € S, theno(J) =v; € S.

Case 2 J = J

In this case, by the definition of the batch sequebcg if v; € S, then
o(J)=uv; € S;if v; & S, then by the fact,v;.1 € F(G), 0(J) =v;11 € S.

Case3 J = Jj_1, andi < j — 2,

yand: < j — 2.

4%,

J
In this case, again by the definition of the batch sequédngeif v; € 5,

theno(J) =v; € S;if v; € S, then by the fact;_,v; € E(G), o(J) =v,;_1 €
S. This completes the proof of Claim 1.
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Now by the result of Claim 1, for each ¢ S, the processing time ab,, is
n under the batch sequenéxs; for eachv, € S, the processing time ab, is
at mostn + 1 under the batch sequen&s. Hence, the makespan undef is
atmostn(n — |S|) + (n+1)|S|=n2+|S| <n®+k=Y.

On the other hand, suppose tha$™ = (A, As, ..., Ay) is a feasible batch
sequence such that the makespan urglgt is at mostY” = n? + k. By the
fact that the processing time of each job is either n + 1, we know that the
processing time of each bateh (1 < i < N) is eithern orn 4+ 1. This means
that N < n. Because/; < J, < ... < J,, there are at least different batches

under any feasible batch sequence. Hence, we mustfave:. Set
S* = {v, : the processing time of the bateh isn + 1}.

By the fact that the makespan und@s* is at mostY” = n? + k,

S* < k.
Hence, we only need to show thét is a vertex cover of~ in the following.
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Let v;v; with i < 5 be an edge ofi. ThenJ;,; ;) andJ, are the only

jobs with processing time + 1 among the job¢(,.; ;), 1 <i < n — 1. By the

fact that the chain
Jig) = J@ig) = JGig) < - < Jn-11)

containsn — 1 jobs, one of the following cases must occur: eithigy; ;y € A;

andJ;_1;;) € Aj_1, Of Ji 5 € A;andJ_q; 5 € Aj, Of Jiy 5 € Ai1 and
Jij-1.4.5) € A;j. Inthe first casey; € S*; in the second casgy;, v;} € S*; and
in the third casey; € A;. Hence, at least one of andwv; is in S*. This means

thatS* is a vertex cover of7 with |S*| < k. The proof is completed. O
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Theorem 3 The scheduling problem
1|chains; p-batch| ) | C; is strongly NP-hard.

Introduction and. . .

Proof The decision version of the considered scheduling problem asks, . esing...

for a given instance of the problem and a positive intdgewhether thereisa
feasible batch sequené®s such thad | C;(BS) < Y. It can easily be seen that
the decision problem is in NP. To prove the strong NP-completeness, we again —ferefe |
use the strongly NP-complete restricted vertex cover problem for the reduction. _ eree |

Let an instance of the restricted vertex cover problem be given, which inputs EUHIA

a graphG with V(G) = {v1, vs, ..., v, }, @ Hamiltonian pathP = (vy,vs, ..., v,) S
of G and an integerk with 1 < k£ < n — 1 and asks whether or not e
there is a vertex covef of G such that|S| < k. Write m = |E(G)]. e |

We construct an instance of the decision version of the scheduling problem

Close

1|chains; p-batch| Y C; as follows.
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We havem(n — 1) +n + M jobs, whereM = (mn — m + n)(n* + k).
Each vertex); € V(G) corresponds to a vertex joh, 1 < i < n. Each edge
viv; € E(G) with 7 < j corresponds ta — 1 edge jobs

J(15i.5)> J(2i5)s (3irg)s -5 J(n=15.5)-

In addition, we havé/ large jobs/, 1, J,.9, ..., J,1a. The processing time of
each job is defined in the following way. For< i < n, the processing timg;
of the vertex jobJ; isn. Forl < i < M, the processing timg,.; of the large
job J,yiisnM. Forl <z <n-—1andvyv; € E(G) with i < j, the processing
time p(..; ;) of the edge jobJ,.; ;) is

n+ 1, ifeitheri=zorj =2+ 1;
P(zsig) =
n, otherwise
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The immediate precedence relations between jobs are defined by the following

m + 1 chains:

JI << .. < Iy L1 < T < <L T

Introduction and. . .
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J(l;’i,j) ‘< ‘](Z;i,j) -< ‘< J(n—l;i,j)7 NP-hardness proof

for viv; € E(G) with ¢ < j. The threshold valu® is defined as

Y = (n2—|—k—|—1)M—|—%nM2(M—i—1). %I

We ask whether or not there is a feasible batch sequdhgesuch that [ »
S Cy(BS) < Y. R
The above reduction takes a polynomial time. In the following, we will _peesor0 |

prove that the instance of the restricted vertex cover problem has a vertex e

cover S C V/(G) such that|S| < k if and only if the instance of the [ fseeen |
Close |

Quit |

problem1|chains; p-batch| ) | C; has a feasible batch sequenBé such that
Y. C;(BS)<Y.
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If the instance of the restricted vertex cover problem has a vertex cover
S C V(G) such thatS| < k, we define the batch sequence

BS = (By, Ba, ..., Bpsar)

in the following way. Forl < ¢ < n + M, we setJ; € B;. Forvu; € E(G)
with ¢ < j, if {v;,v;} C S, we set

J(xa%.?) < Bx—f—l, Whenj -1 S x S n — ]_,

if v; € Sandv; € S, we set
i) € By, forl1 <oz <n —1;
if v; ¢ S andv; € S, we set

J(x;i,j) = Bx—i—l; for 1 <zx<n-—1.
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It is not hard to see thaBS = (B, Bs, ..., B,+y) IS a feasible schedule.

Introduction and. . .

By the discussion of thé part of Theorem 2, the completion time of the batch
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B;, 1 < i < n,is at mostn? + k. Then the completion time of the batch
Bhii ={Jusi}, 1 <i < M,is at mostn? + k) +inM. For the reason that the
first n batches contaimn — m + n jobs, the total completion time of jobs can Home Page |
be roughly estimated as _ Twepage |
" A

Y Ci(BS) < (mn—m+n)(n®+k)+ > (n*+k+inM)=Y. RN

i=1 Page 27 of 30 |

This implies that the instance of the scheduling problem has a required batch | e |
sequence. Ful sereen |
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On the other hand, suppose tha$™ = (A, A,, ..., Ay) is a feasible batch
sequence such that the total completion time of jobs uitleris at mostY’.
By the fact that

Introduction and. . .

JI << < Iy <L T < T < ... < T,

The existing. ..
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the n vertex jobs must be processed before the large jobs with each vertex job
being processed in one batch. Because each vertex job has processing time o
the starting time of any batch that contains a large job must be atiiéadt T
there is an edge job that is processed either in the same batch as a large job L« » |
or after a large job, then by the fact that the large job has processing:fihe RN
the completion time of joly is at least:? + n M. Because the completion time Page 230150 |
of the large jobJ,,.; is at least:? + inM, the total completion time of the jobs Gosack |

underBS* is greater than Ful screen |

M Close |
nz—l—nM—I—Z(nQ—i—mM):Y+(n—k—1)M+n2>Y. Q|

1=1
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This contradicts our assumption. Hence, each edge job must be processed before

every large job. Denote b the maximum completion time of vertex jobs and

edges jobs. I\ > n? + k + 1, then the completion time of the large joh,; is Introduction and. .
The existing. ..

at leastn? + k + 1 + inM. It follows that the total completion time of the jobs | e-hardness proot

underB.S* is greater than

M ) Home Page |
n+k+1+wmM)=Y.
;( ) Title Page |
44 142

This contradicts our assumption again. Hence, we must haven? + k.

The above discussion means that there is a feasible batch seqgi€hice
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the discussion of thenly if part of Theorem 2, there is a vertex cov¥&rof GG

Full Screen

such thatS*| < k. This completes the proof. O Close

]
the vertex jobs and edge jobs such that the makegp&nat mostn? + k. By |
| o |
N
o |

Quit
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Thank Youl!
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