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Definitions and Notations

Definition A (k;g)-cage Is a k-regular graph
with girth g with the least number of vertices;



Definitions and Notations

Definition A (k;g)-cage Is a k-regular graph
with girth g with the least number of vertices;

The order of a (k; g)-cage is denoted by T(k;g).



Some of smallern(3; g)-cages

Petersen graph Heaw ood graph
—.

&

Levi graph (3.l0)—cage #1

s

generalized hewagon
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Some of smaller(4; g)-cages

Robertson graph
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Some of smallern(5; g)-cages

Foster cage
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An example of (7; 5)-cage

Hoffman-Singleton graph with
f(7;5) = 50 vertices
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An example of(7;5)-cage 2/2

The Hoffman-Singleton graph:
e |[V|=50and|E|=175;

e k=7,0 =5 and diameter is 2;

e Unique (/,5)-cage and contains many copies
of the Petersen graph;

e Constructed from the 10 5-cycles with vertex |
of P; Jjoined to vertex 1 + jJk (mod 5) of Q.



Moore Structure

AN ANAN




Moore Structure

AN ANAN

K(k—1)2Z"—2 . -
fo(k: q) = { = If g Is odd

g
2(k—1)2 —2 23
— If g IS even

Note: A (k; g)-cage with fy(k; g) vertices is called a Moore
graph.



Moore Structure 2/3 -




Moore Structure 3/3

A (3;5)-cage: Petersen Graph
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Estimate T (K; Q)

fo(k; 9)




Estimate T(Kk; g)

Lower Bounds: f(k;g) = fy(k;g)

Theorem: For k = 3,9 = 5, a Moore Graph exists
only if (1) g =5and k = 3,7, or ( possibly ) 57, or
(1) g =6,8,12.



Estimate f(k; Q)

Upper Bounds:

(®)292+4  ifgis odd

\ £)2972+ < ifgis even

f(3;0) < <

(2(k —1)972  ifgisodd, k=4

f(k: g) <
(k:9) |4 =17 ifgis even, k = 4




Estimatef(k;qg) 2/4

Some of known values:
f(k;3) = k + 1, complete graph K+ Is the only
(k, 3)-cage.

f(k;4) = 2k, complete bipartite graph Ky k Is the
only (k, 4)-cage.



Estimatef(k;qg) 3/4

Some of known values:
k? +1<f(k;5) <22k —1)(k — 2)

2k? —3k +1 kisodd
f(k;5) <
2(k — 2)? k=7,k—2is aprime power

f(k;6) = 2(k — 1)* + 2k, where k — 1 is a prime power.
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Estimatef(k;g) 4/4

w 3|45 | 6 | 7| 8|9 |10|11]| 12
3 4 |6|10 |14 | 24| 30 | 58 | 70 |112| 126
4 58|19 | 26 | 67| 80 |(275)|(384) 728
5 6 (10| 30 | 42 ((152) 170 2730
6 7 12| 40 | 62 |(294) 312 7812
7 8 [14| 50 | 90
8 9 (16 (80) | 114 800 39216
9 |10/18|(98) | 146 1170 74896
10 |11 {20((126)| 182 1640 132860
11 |12 | 22|(160)|(240)

Note: The number in the bracket is the smallest (k; g)-graph currently known
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Estimate f(k; g)

P. K. Wong, Cages - a survey, J. Graph Theory
6(1982), no. 1, 1-22.



Connectivity

Theorem (Fu, Huang and Rodger, 97) All
(k; g)-cages are 2-connected.

Conjecture (Fu, Huang and Rodger, 97) All
(k; g)-cages are k-connected.

Theorem (Jiang and Mubayi, 98; Daven and Rodger,
99) If k = 3 and G Is a (k; g)-cage, then G Is
3-connected.



Connectivity 2/8

Definition A k-connected graph G is called
guasi (k + 1)-connected If for each cutset

S [LVIG) with | S |=k, S Is the neighbourhood
of a vertex of degree k and G — S has precisely
two components.



Connectivity 3/8

Theorem (Marcote, Pelayo and Balbuena, 03) Every
(3; g)-cage Is quasi 4-connected.

Theorem (Xu, Wang and Wang, 02) Every
(4; g)-cage is 4-connected.

Theorem (Lin, Miller and Balbuena, 05) Let G be a
(k; g)-cage with k = 3 an\gi odd girthg = 7, then G
IS r-connected withr = k + 1.




Connectivity 4/8

Theorem (Xu, Wang and Wang, 03) Let G be a
(k; g)-cage, where k = 3 and g is odd, then G Is
k-edge-connected.

Theorem (Lin, Miller and Rodger, 05) Let G be a
(k; g)-cage, where k = 3 and g Is even, then G Is
k-edge-connected.



Connectivity 5/8

Definition A graph with minimum degree K Is
said to be k-edge-superconnected if each
minimum edge-cut consists of all the edges
Incident with some vertex.



Connectivity 6/8

Theorem (Marcote and Balbuena, 04) Let G be a
(k; g)-cage with odd girth gand k = 3. Then G Is
edge-superconnected.

Theorem (Lin, Miller, Balbuena and Marcote, 06) Let
G be a (k; g)-cage with even girth g and k = 3.
Then G Is edge-superconnected.



Connectivity 7/8

Theorem (Jiang and Mubayi, 98; Pan, Mao and Liu, 01)
Every g-cycle in a (k; g)-cage Iis non-separating.

Theorem (Jiang and Mubayi, 98) Let G be a
(k; g)-cage with k = 3 and g = 6, then

G — (Ng(v) [v]) Is connected for any vertex
v LVI(G).



Connectivity 8/8

Theorem (T. Wang, Duan and Y., 05) Let G be a
(k;g)-cage, k =3, g =5 and S be any subset of
V(G). If diam(G|[S]) =< [g¥2[+2,then G—S Is
2-connected.

Conjecture If G is a cage with even order, then,
for any perfect matching M of G, G — M s stilll
connected.



Monotone

Girth Monotonicity Theorem (Erd6s and Sachs,
63; Holton and Sheeham, 93; Fu et al, 97) If K = 3 and
3=<0; <0y, then f(k;g1) < T(k; o).



Monotone

Girth Monotonicity Theorem (Erd6s and Sachs,
63; Holton and Sheeham, 93; Fu et al, 97) If K = 3 and
3=<0; <0y, then f(k;g1) < T(k; o).

Degree Monotonicity Conjecture If k; < ko,
then f(ky;g) < f(ka;9).

We shall give some partial results to support this
conjecture.



Monotone 2/2

Theorem (P.Wang andY., 05) If f(k; Q) Is even,
then f(k — 1;9) < f(k;9).

In particular, ¥(2r;g) < f(2r + 1;g) foranyr =1
and g = 3.

Theorem (P.WangandY., 05) For k = 2,
f(k;g) =ft(k+2;0).



Pan-factorial Property

Definition A connected graph G is pan-factorial
If G contains r-factors for all 1 < r < o(G).

Definition We call G strongly pan-factorial if for
each edge e of G there exists an r-factor H
containing e and an r-factor H"avoiding e,
respectively, for each possible value of r.



Pan-factorial Property 2/2

Theorem (Liu and Y., 05; Shen and Zhang, 05) Every
(k; g)-cage Is strongly pan-factorial. Moreover,
each r-factor has the girth at least g.
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Other Properties

It IS easy to show that every vertex in a
(k; g)-cage Is contained in a g-cycle, Iif k Is even.

Problem: Does every vertex of (k; g)-cage must
lie on some g-cycle if k is odd?
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