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1 Introduction

The graphs considered in this paper are finite, simple,
undirected and denoted by G = (V(G), E(G)). Now let G =
(V(G), E(G))be agraph. If S C V(G) and G — S is acyclic,
then S is said to be a decycling set of G. A decycling set of Home Page |
the smallest size 1s said to be a minimum decycling set and |
denoted by ¢-set. The size of a minimum decycling set of G

is said to be the decycling number of G and denoted by ¢(G). ]
If we denote by /() the greatest order of an induced forest RS
in (G, then finding the greatest order of an induced forest of _Pmzotns |
a graph 1s equivalent to determining the decycling number of o Back

this graph, and I(G) + ¢(G) = |G|.
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In the following C), denotes a circuit on n vertices,
P, denotes a path on m vertices, K, denotes a com-
plete graph on n vertices, K ,_; denotes a star on n

vertices and G denotes the complement graph of G.
The independence number o(G) of a graph G is the
maximum number of vertices in an independent set,
and the covering number 3(G) of a graph G is the
minimum number of vertices in a set that meets ev-
ery edge. They are connected by the elementary but
useful result that o(G) + 3(G) = |G| for every graph
(5. Especially, in the following we denote a vertex in
a decycling set by a bigger red dot *
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2 Decycling Numbers of Some Box-cross
Product Graphs

Let Gy = (Vi, E1), Gy = (Va, Es) be two graphs. A
box-cross product of two graphs G; with G5 is defined to be
G1 X Gy = (V, E) where

V ={(uj,vj) |Yu; € V1, v; € Vo} and
E = {((u1,v1), (ug,v2)) | V (w1, v1), (u2,v2) €
V”, (ul, ’LLQ) € E; when vy = vy or (’01, UQ) € Fs when u; =
U9 Or (ul, ’LLQ) € F; and (1]1, 1)2) & EQ}.

Figure 1. P3X Fs.
Observation 2.1 [7]. ¢(G1 X Gs) = ¢(G2 X Gy).
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Let the vertex sets of (G; and (G5 be respectively
{wi, ug, - -,y ; and {vi,va,- -+ ,v|q,}. There are |G|
copies of Gy and |Gs| copies of G in G; X G5, Let
Lij = (u@‘, Uj), and let R(Z) = {I’Z] ‘ i Uj c V(Gg)},
= 1,2,-“ ,|G1‘ and C(]) = {:CZ] ’ i u; € V<G1>},
j =1,2,--- |Gs|. R(7) is called the i-th row and C(j) is
called the j-th column of G ™ (GG5. For any ¢, the induced
subgraph (G; X G3)|g;) is a copy of Go. For any j, the in-
duced subgraph (G| X G5)|¢( ) is a copy of G.

In order to prove the following results, we introduce some
useful notations as follow: If S is a vertex subset of G; X GG,
we denote the vertices of S in the i-th row of G; X G5 by
S(R(%)) and the vertices of S in the j-th column of G; K
G by S(C(7)), and by extensmn for £ < [, denote the set

S(R(k)) US(R(k+1)) U - ( (1)) by S(R(K,)) and
the set S(C'(k))US(C (k+1)) (C(l))byS( (k,1)).
Further, we let N(R(z)) = |S(R ()>| N(C(j)) = |5(C())l
and N(R(k, 1)) = [S(R(K,1))|, N(C(k, 1)) = [S(C(k,1))].
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Lemma 2.2 [7] ¢(G1 X Gg) Z max{|G1\ . ¢(G2), |G2‘ y
d(G1)}.

Theorem 2.3 [7]. Suppose G1 = (Vi, E1), Go = (Va, Es).
For each V| C Vi, V) C V3, ¢(G1 R Gy) > max{¢(G1|yr X
Ga2)+ ¢(Gilyi—vr R Gs), ¢(G1 R Gslyy) +d(G1 R Galvs—vz)}-
Theorem 2.4 [7]. ¢(G1 K G3) < min{|G4| - |G| — a(Gy) -
(|G2| — #(G2)), |G1| - |Go| — a(G2) - (|G1] — ¢(G1))}
Lemma 2.5[7]. ¢(P,XP,)=2-|%].

Figure 2. A ¢-set for P, X F.
Lemma 2.6 [7]. Every ¢-set of P, X P51 is equal to

{ z12,220, 214,224, , 219k, T22r } (see Figure 2 for the
case k = 2).

Home Page |

Title Page

44 44

-k
"k

Page 6 of 14

Go Back

Full Screen

/[

1

t


http://www.fzu.edu.cn

Theorem 2.7 [7]. ¢(P,, X P,) =min{m - |%|, n- |2Z]}.
Lemma 2.8 [8]. ¢(PXC,) =2 %]

Figure 3. A ¢-set for P, X C.
Lemma 2.9 [8]. Every o¢-set of P, X Cy is

equal to {$1,1, L21, 21,3, 223, ,L12k—1, 372,2k—1} or
{2171’2, 22, L1,4,T24," " 5 L12k, 2172’2;3}. (see Figure 3 for the
case k = 3).

Theorem 2.10 [8]. ¢(P,, X C,) = min{m - |

3]}
Corollary 2.11 [8]. ¢(C,,, ® P,) = min{m - |2]| + [2], n-

71
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Theorem 2.12 [8]. When m or n is even, ¢(C,, X C,) =

min{m - ||+ |%], n-[2]+ |%|}; when m and n are both

oddand m <n, ¢(C,, ®C,) =n- [Z]orn- 2] +1.

Proof. When m or n is even. Applying Theorem 2.4,

¢(Cr®C,) < min{m-n—|2|-(n—1), mn—|%|-(m-1)} =

min{n- [5]+ 5], m-[5]+[5]} = min{m-[5[+[5]. n-

(%w = L%J }. So in the rest of the proof, we only have to prove
that $(C, XC,,) > min{m- [ 2| +|%|, n-[2]|+|%]}. Since
o(C, X C,) = ¢(C, K C),), without loss of generality, we
can assume that m < n. So it suffices to prove the following

three cases.
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Case 1. m=2k, n=2s+1(k <s).

Since m = 2k, n =2s+1 (k < s), hence min{m - [2] +
2, n- |2+ 2]} =n-[2]|+ |%]. So we only have to
prove that ¢(C,, X C,,) > n- {%1 — L%J Since p( LX) =

2+ |%] = n+1, hence ¢(C,, K C,) > ¢(P,, KC,) > k-

HPRC)=k-n+1)=2-(n+1)=n-[2] + 2] o e |
Case2. m=2k+1, n=2s(k <s). I
Since m = 2k + 1, n = 2s (k < s), hence min{m - [%W + jj
L%J M- [%1 + L%J} =m- {%1 + L%J So it suffices to prove siari

that ¢(C,, ® C,,) > m - [2] + |%]|. Since ¢(C,, K P5) = cosack_|

2
2. [2] = m+ 1, hence ¢(Cp, K C,,)) > ¢(C,, ¥ P,) > [ risoen |

s HCrBP)=s5-(m+1)=2-(m+1)=m-[2]+|%].


http://www.fzu.edu.cn

Case3. m=2k, n=2s(k <s).

Since m = 2k, n = 2s (k < s), hence min{m - [2| + |%|, n- [%&] +
2|} =n- 2]+ |2]. So it suffices to prove that ¢(C,, ¥ C},) >
n - (%W + L%J Let S be any ¢-set of C,,, X C,,. By Lemma 2.8,
we know that for any i (1 < ¢ < m wheni = m, i +1 = 1),
N(R(i,i+1)) > ¢(P2IXC ) = n. Now if for any ¢ (1 < ¢ < m when
i=m,i+1=1), N(R(i,i+1)) > (PQ&C) + 1 =n+1, then we
can get that |S| = (R(1,2)) (R(

k-n+1) =% -(n+1) =

<

3,4))+-- -+ N(R(2k—1,2k)) >

n (%W Lmj Otherwise, there
when ¢ = m, i + 1 = 1) so that
=K W thout loss of generality, we as-

exists some 7 (1 < 4
N(R(i,i+ 1)) = ¢(P.

X

2

sume that ¢ = 1. Hence N(R(1,2)) = (PQ&C):n By Lemma 2.9
(

)
and symmetry, S(R 1,2)) = 1L1,1,221,213,T23, """ ,xl,n_l,xg,n_l}.
Hence {z11,291} C S(C(1,2)) Again by Lemma 2.9, we con-
clude that N(C'(1,2)) > m + 1. Using the same method, we know
that N(C'(3,4) - = N(C(n —1,n)) > m+ 1. Hence |S| =

4))+---<4—N(C(n—1,n)) > s-(m+1) =

7 + 5] > n- [%]+ |2]. So this case also has

N(C(,2)) + ])V(C 3

5 (m+1)=m-
been proved.
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C,, X C,. By Lemma 2.8, we know that for any ¢ (1 < ¢ < m when
i=m, i+1=1), N(C(i,i+1)) > ¢(C,,XP,) = 2- [Z]. Hence there
exist some j (1 < j < n) so that N(C(j)) > [%]. Without loss of

generality, we assume that j = 1. Hence N(C(1)) > |%]. Then again

by Lemma 2.8, | S| = N(C(1))+ N(C(2,3))+---+ N(C(n—1,n)) >

When m and n are both odd and m < n. Let S be any ¢-set of

(%W + ”T_l -2 - (%W =n- (%W In addition, we can construct a vertex
set S" of C,, X C,, as follow:

§ = S(C)US(CER) U+ US(Cm)),
S/(C(1>) = {331,1,3?(%171,36(%1“’1, T ,fEm—l,l,xm,l} ,
SO = {sase g )po Brave g )" T g)elg Do Ta g1l gl @ SIS,

where f(z) = mod (z,m) m1x,
S'(C>@)) = {x(%17i,x(%1+l’i, e Tme14y Tmiy (m+1<i<nand mod (i,2) =0),
S'(C(i)) = {m14, T2, ’xL%JZ’x(%V} (m+1<i<nand mod (7,2) = 1).

It is easy to know that C,, XC,,—S" is atree and |S'| = n-| 2| +1. Hence
o(C,®¥C,) < n- {%W +1. Son- (%W < o(C,KC),) < n- {%W +1. Since

¢(C,, ® C,) is an integer, hence ¢(C,,, W C,) =n- [ %] orn- [2] + 1.
This completes the proof of Theorem 2.12.
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Theorem 2.13 [8]. ¢(K,, X P,)=m -n—2- [g]
Theorem 2.14 [8]. ¢(K,,XC,)=m -n—2- L%J
Theorem 2.15[8]. ¢(K,,X K,,) =m -n — 2.
Theorem 2.16 [8]. ¢(K,,X P,) =0, ¢(K,, X C,) = m,

(K, XK, =m-(n-2),¢K,XK,)=0.
Theorem 2.17 [8]. When m > 3, ¢(K1 -1 X P,) = n.
Theorem 2.18 [8]. When m > 3, ¢(K1,-1 X C,) = n+

m — 1.
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