The (f, g)-Difference Operator,
(f,g)-Expansion Formula,
and Their Applications
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A. The Lagrange inversion formula and three known
results

Lagrange inversion formula (cf.[46, §7.32])

Theorem 1. Assume that F(x) and ¢(x) are analytic around
x=0,¢(0) #0. Then

n=0

and the coefficients a,, are given by

g [¢n( )dF(:zj)L:O.

d:ﬂ’” 1 dx
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where % denotes the usual derivative operator.

In the past years, various g-analogues (as generalizations) of the
Lagrange inversion formula, as an active field of research with an
increasing number of applications to g-series and the
Rogers-Ramanujan identities, have been studied by numerous authors

(cf.[1, 8, 18, 25, 26, 42, 43]).

For a good survey about results and open problems on this topic, we
would like to refer the reader to Stanton's paper [43].

Carlitz’s analogue [9, (1973)]

Theorem 2. For any formal series F(x), it holds that

Fla)=Y ———— Dk {F(x) (@ q)i-1}]_, (2)

— (¢ %5 Q)
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where D, ,, denotes the qg-difference operator.
Gessel and Stanton’s analogue [18, (1983)]

Theorem 3. For any formal power series F'(x),

C AP D)k ke
F(x) = Z ak( @0 ) S (3)
n>k>0 q;q9)n—k

if and only if

n . 1_Akk Ann—l.—ln__
a, = Z(_l)n—kq( §+1)—I—nkz( P q )( q p y D ) k 1F(qk).

e (43 D)n—k

(4)

Their result is based on the deep insight that the essential character of
the Lagrange inversion formula is equivalent to finding the inverse of
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an infinite lower triangular matrix F' = (B,, ;) subject to B,, =0
unless n >k, B, , # 0, that is, another unique matrix G = (B;}ﬂ)

satisfying
Z B 1Bz k — 5n K

n>i>k ot
where 0 denotes the usual Kronecker delta.

Liu ’'s expansion formula [30, (2002)]

Theorem 4. Given any formal series F(x), it holds that

(1=l (o
)T Q)k [Dq,x{F(iﬂ)(xaQ)k—ﬁL:aq. (5)

Mg

k=0
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B. Discrete analogue of the Lagrange-inversion formula

ETXIES188INER, Bl I AS I AL MR

Definition 1. Let f(x,y) and g(x,y) be two arbitrary nonzero functions
over C in variables x,vy. Suppose that for all four numbers a, b, c, x,

f(CIZ, a)g(b7 C) + f(il?, b)g(c7 a’) + f(xv C)g(a’v b) =0, (6)

then f(x,y) is called orthogonal to g(x,y). In particular, f(x,y) is called
self-orthogonal if f(x,y) is orthogonal to itself.

Write f(x,y)Lg(x,y), or in short, f Lg if f(z,y) is orthogonal to
g(x,y). As it stands, f g does not mean gL f. This definition allows us
to rewrite

KerCs = {f(z,y)|fLf}, KerLl? = {f(z,y)|fLg)}.
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Now, we use {2 to denote an open subset of the complex plane, and

H(2) the space of analytic functions over §2.

Definition 2. With the assumption as above. Let F'(x) € H(2). The

following series

where the coefficients G(n) are given by

- Hﬁz_ll f(xz', bk)
F(by,) =t |
1;) ( k)Hi:O,z’;ék g(b;, br)

is called the (f, g)-series generated by F(x) with respect to two

(7)
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sequences {b;} and {x;} over Q). We denote it by

. Hl'c:_ol g(biv x)
F(x) ~ G(k :ck,bk . 3
() ];) (k) f( )Hlef(wi,fﬂ) (8)

Very similar to the situation in the theory of Fourier series, we come up
against two questions:

The convergence problem Does the series (7) converge at some point
x € 7

The representation problem If (7) does converge at x € €2, is its sum
F(x)? more precisely,

- Hl'c:_ol g(biv x)
F(x) = G(k :Ck,bk ! . 0
() ];) (k) f( )Hlef(xi,x) (9)
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X NoRER R EISL( f, g)-inversion formulaBVEiolfl. N 5 AR T
%ﬁé/ NIVEEAB] VOIBIEABER, BHAEED REERRa .
SIA

Definition 3. Let F(z) € H(Q?) and f(x,y) € KerE(g) If there exist
three sequences {x;},{b;} C Q, and {x (i)}, such that for any x € (1,

00 k—1 .
D RCIENA L (10

then it is called the (f, g)-expansion formula of F(x) with respect to two
sequences {b;} and {x;} over ().

Whereas many nonterminating summation and transformation formulas
from the theory of basic hypergeometric series, just like Examples 2 and
3, fit into such a framework, apparently there is no general theorem
(aside from those formulas mentioned in Section 1) known on the
existence of such phenomena.
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C. The (f, g)-difference operator

In what follows, we use C(x) to denote the linear space of all functions
over C of a variable z.

Definition 4. Let f(z,y) € Ker£§g>, {x;} and {b;} be arbitrary
sequences such that none of the denominators in (11) vanish. Then the
mapping

2 [bo.bi,.... b,
A e [O RO R

Llyeoespn_1
such that
bo. b1, ... b . [T f (i b)
D(n) [ 0, Y1, ) n] F(r)} = F bk nZ—l 7 11
(f.9) X1, y Lnp—1 { ( )} kZ:O ( )Hi:(),i#k g(b“bk) ( )

is said to be the nth order (f, g)-difference operator with respect to
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n + 1 pairwise distinct nodes by, by, bs, --- ,b, and n — 1 parameters
L1,L2y" " yLpn—1-

The following example displays that ]Dg?i)g) Is a generalization of the

divided difference and the g-difference operator in numerical analysis and
special function.

Example 1. Let f(z,y) = 1, g(z,y) =2 — y,b; = 2401,i = 0,12,
Then

D) (1,2, e @)} = (<) Flan,za,+ swnp), (12

where the classical divided difference F|x1,xo, - ,xp11] is recursively
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defined by

Flz1] = F(z1);
F(z1) — F(x2)

F[xlaxZ] — ;
1 — T2
F — F
Flan, o, s] = (1, 2] [mz,xs];
L1 — I3

Ty

F[$17x27”' 7$n—1] —F[Q?Q,LU:;,"' ,an]

F[xl’x27...7xn]: xl_x
n

See [3, p.123] for more details.

As might be expected from this definition by specializing
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bi=x+ h(i —1), DEZ; can be expressed in a simpler form

L vnp(),

where V, is the usual backward difference operator defined as
Vi{F(x)} = F(x) — F(x + h). In the meantime, assume that F(x) is

n-times differentiable at x. Then it is easily found that

1
h—0

Another interesting case is that with the specification
b, =xq"',1=0,1,2,---, we have

1
(q—1)

D) [z, 2ql{ F(z)} =

d?’L

IMngmx+hw+2mnyx+nMH%m}—EE;F() (13)

Dq7xF(x)7
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where D, , denotes the q-difference operator (cf.|21]) appeared

previously in (2)

(f, 9)-ENEFTHWEESREBBIER:

Theorem 5. [BHEXR] Let f(x,y) € Kerﬁég), and DE;’)@
as above. Then for any integer n > 0,

H)O%+1)[boabl7°°°7bn+ﬂi {ly(x)}

(f,9) T1,...,Tp

f(xn; bO) (n) b(), bl, e 7bn
g(bn+1, bo) ]D(f’g) LlyeoeyLpn—1 {F(:U)}

L1y---yLn—1

F(@n, bt o™ [bl, ba, ..., bn—|—1] (F(2)).

g(bo, bpi1) (f.9)

(14)

be defined

(15)
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Theorem 6. [Leibinz formula] Let f(x,y) € Kerﬁég), and ]DE;")Q) be
defined as above. Then

e [bo,bl,...,bn] (@) H(z))

(£.9) \21,..., Xp_1
— - (k) b07b17--.,bk
— kz:;)f(flfk; bkz) ]D)(f,g) [1’17 ce ’wk—ll {H(:C)} (16)

(n—k) bka bk—l—h IR bn
D(f’g) [ajk-l—la s 7$n—1] {F(x)}
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D.The (f, g)-expansion formula and Ismail’s argument

NENGIEELRAF (2)89(f, 9)-RAINESE AN ME—BY, [N
BA(f, 9)-EZDNEFTHER.

Theorem 7. The coefficients x(n) in (10) are uniquely determined by

{G(i)}, ie.,

] (F(o)). (17)

It is worth pointing out that even if the (f, g)-series generated by F'(x)
does not converge to itself, it always agrees with F'(x) at infinite points
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|a:=bn- (18)

4.2 “Ismail [RIE" ?

Generally speaking, the “Ismail’s argument” can be summarized briefly as
follows: if one wants to prove two analytic functions F'(x) = G(x), all
that is necessary is to show that they agree infinitely often near a point
that is an interior point of the set of analyticity.

Hence, in order to guarantee that they are equal over €, it is sufficient to
require that the series and F'(x) be analytic around x = b while b can be
chosen as an accumulation point of {b;} in the interior of 2. Combining
this idea with the original “Ismail’s argument” due to Ismail, we get all
that described in the present paper.
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Theorem 8. [Generalized Ismail’s argument] Let F(x) € H(),

f(x,y) € Ker[,ég). Let S, (x) be the sequence of partial sums of the
(f, g)-series generated by F(x), say

k—l
bi)
Hizl f
where the coefficients

"l F@), (20)
Assume further that
(i) limy oo by =0 € €

(i1) S,.(x) converges uniformly to S(x) in a neighborhood of b € €);
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(iii) for any integeri > 0,9(b;,x)/f(x;11,x) is analytic at x = b.
Then there exists a subset )1 C ) containing b such that for x € (4,

k:ol bi,ﬂf
_ o e N

Our argument is based on the (f, g)-inversion formula.

Lemma 1. Let F = (B, k)nkez and G = (B;}g)n,kez be two matrices
with entries given by

_ H:L:_]gl f(ajzv bk)
7 H?:k—i—l g(bs, br,)

b 7'1_ xiabn
B;}ﬁ — I (@, k)H"_kH I ), respectively, (23)

f(@nybn) TT75E g(bi, bi)

and (22)
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where 7. denotes the set of integers, {x;} and {b;} are arbitrary
sequences such that none of the denominators in the right hand sides of
(22) and (23) vanish. Then F = (By, )n kez and G = (B;}g)n,kEZ is a

matrix inversion if and only f(x,y) € Ker£<g>

TORATG— S BRIERB2REE: Gould-Hsu
|nver5|on(1973E), Krattethaler's formula(19964F); Warnaar's

formula(20024F).

Remark 1. Note that Conditions (i) and (ii) are also necessary.
Otherwise, the conclusion may be false. For instance, let F'(x) = sin(wx)
and parameter sequence by, = k,k =1,2,---. Assume that

sin(mx) ZG rx—1)(x—2)---(x —k+1).
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By the (1,x — y)-inversion, it would follow that

G(n) = R

(z— y)[o L,...,n|{sin(rz)} =0

forn > 1, i.e., sin(mx) = 1, which is obviously contrary to the known
fact.

Remark 2. Note that Conditions (i) and (ii) are also necessary.
Otherwise, the conclusion may be false. For instance, let F'(x) = sin(wx)
and parameter sequence b, = k,k =1,2,---. Assume that

sin(mx) ZG rx—1)(z—-2)---(x —k+1).

By the (1, x — y)-inversion, it would follow that

G(n) = IR

(z— y)[o 1,...,n|{sin(rx)} =0
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forn > 1, i.e., sin(mx) = 1, which is obviously contrary to the known
fact.

Remark 3. [ XBUlsmaillRIZtH O] {1 Ny Lagrange SR NI BIE BIIR
#(discrete analogue), Bl (1)

(i) ew R

Five important cases of Theorem 8 are worthy of note, which are
obtained by specializing

f(xvy) =1, g(xvy) =L —Y;
=L —Y, =L —Y;
=1 —ay, =T — VY;
= (1 — azy)(1 - b2), = (z—y)(1 - 72);
= y0(zy)0(3), = y0(zy)0(%))
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respectively. We now summarize these results without proof.

Corollary 1. With the same assumption as Theorem 8. Then the
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following hold

= : [Tis) (i —by) | ITico (b — =)

= Ll — bk F bj kz . 25
l;)( | ];O ( )Hz—o z;ﬁj(bi b;) Hf (@i — ) (2
) k k—1

_ [y (1 — b)) — ),

= 1 — CEkbk F bj 2 k = 6
kz:;)( | j:ZO ( )Hz’:O,i;&j(bi — bj) Hz 1(1 — ;)

> [T (b — 2)(1 — =)

= G1(k)(1 — azpby) (1 — by /br)— ) (o7
> Gk L= b/ b))

N e\ T1Eoy 0(bix)6(2)

— ;GQ(k)bk(g(iﬁkbk)H (bk) Hf:1 9(5137;:10)6’(%)’ (28)
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where the coefficients

. (k) b07b17"'7bk
Gl(k) R ]D)((l—ascy)(l—b%)7(x—y)(1—ﬁby)) [331, . ,CCk_J {F(ZL‘)},
_ (k) b07b17"'7bk:
Gok) = Bpanoe) o) [:131, . ,a;k_J {Fz)y,  and

'9(37> — (33; Q)oo(%; Q)oo,

We remark that the theta function 6(x) satisfying Jacobi’s triple product
identity

q| < 1.

0(2) (g ) = > (—1)FqB)a*, £ 0

has been frequently used in the study of the elliptic hypergeometric series.
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E. The (1 — zy,z — y)-expansion theorem

FE X AIsmail RIBEVES £, FATOICIERIT

Theorem 9. [The (1 — zy,x — y)-expansion theorem] Let

F(x) € H(Q), {b;},{z;} CQ such that {b;} are pairwise distinct and
{x;} is bounded, lim;, .., b; = b # by and inf{|1/x; — b| : i > 0} > 0.
Suppose further that lim supy, ., .. |Ax| < oo where

(k) bl,bg,...,bk_H
]D(l—xy,x—y) [ L1,y Thol ] {F(Qﬁ)}
A = o | (29)
(k) Oy Yly..-y9 VUL
]D)(l—xy,a:—y) [xla o 7xk—1] {F(ZC)}
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Then there exists an open set )1 containing b such that for x € )4,

b07 b17 ) bk Hf:_ol(bz o .QZ')

Pla) = 30 —a) { fL oy [0 ] et} T et

1=1

(30)

k=0

Remark 4. |t is also worthy of note that Fu and Lascoux, in their paper
[13], established a similar expansion formula in the setting of formal
power series by virtue of a divided difference operator acting on
multivariate function. For a discussion of this divided difference operator
and related matters, the reader may consult [29].

Department of Mathematics, SuZhou University, xrma@publicl.sz.js.cn  20:56, August 14, 2006 First Previous Next Last

28



E1.The (1 — xy,x — y)-expansion form of Gessel and
Stanton’s ¢-analogue

— PRI RI(BEIEGessel and Stanton AN A )BISE K @ HS R
=5 Gessel and StantonBVERBI(f, 9)-BALAINEIN. X /A\_E 75—
SXPBEBIEHAT (Bt Carlitz's ¢-1215L.)

Theorem 10. [Gessel and Stanton’s g-analogue (3)/(4))] Let
pl,lg| <1 and F(x) =Y. anx™ be arbitrary power series with the
nonzero radius R of convergence and be also convergent at x = R.
Assume further R is not of the form ¢"(n > 0), lim,c0 api1/an = co,
and 0 < m|co|™ < |an| < M|co|™. Then

[1: % (¢" — 2)
( q,q ) (Apx,p)

> Gs(k)(1 - Ap*q¥)
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where the coefficients

Gs(n) = 3 (=1)"*g(F) -k H (Apq"; p)n-1F(d"); (31)
k=0 q

Remark 5. We obtain it only by specializing b; = ¢*, z; = Ap* in (30).
It can be regarded as initial study on the representation problem of F'(x)
in terms of (f, g)-series.

Remark 6. Liu's q-expansion formula (5) follows from the q-analogue
of Gessel and Stanton by substituting p — q, A — a,x — x/aq, and
Identity (2) is the special case a — 0 of (5).
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G. Two illustrative examples

Example 2. For |q| < 1 and a variable z : |z| < 1,

00 (CLQQ)n n (CLZ;q)OO
X w0 " G =)

IS equivalent to its finite form

>3 = é(—l)k%@ | = o)

k
k=0

Proof. Now, we replace the parameter a by a new variable = and take z
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as a parameter, and then reformulate (32) as

Z Zk (CC;Q)k; _ (Zx;Q>oo
k=0

(45 Dk CH

which turns out to be equivalent to, under the substitution
x— 1/x, 2 — zz,

0 ko kk—1 -
Z(_l> < H(qi_x): ( 7Q)oo . (34)

— (e (225 q) o

Letting £ = ¢" yields a terminating summation formula
g y g

— (—1)*2F - i n
> H(q —q") = (% Q- (35)

k=0
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Now, applying the (1,2 — y)-inversion given in Lemma 1 to (35) to arrive
at

which reduces after simplification to the desired result. Conversely, in the
light of the (1, x — y)-inversion, (33) is equivalent to (35), the latter
states that (34) is valid for x = ¢",n =0,1,2,---. Then by the
generalized “Ismail’s argument”, (34), i.e., the g-binomial theorem holds.

Another example of the (1 — xy, x — y)-expansion formula, also a good
case to illustrate the “Ismail’s argument”, is the following generalized
Lebesgue identity due to Carlitz.
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Example 3. For three indeterminates q,x,a with |q| < 1 and |x| < 1,

i(_l)kq(g) (x;Q)kak . CL €L, q 00 - b C] LUk (36)
— (@, bz ) (b230)o0 = (0,050

Proof. At first, apply the substitution b — b/y,x — xy,a — y to
reformulate equivalently the identity in question as

G kkHz 09( y) 37
kzzo 14 Hz 1f( ) ( )

where f(z,y) =1 — 2y, 9(x,y) =2 —y,b; = bg*, x; = ¢~ 1, and F(y) is
defined by

)

- ) (b
— q; q) (y, ZYq'; q) oo
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By the (1 — zy, z — y)-expansion formula, it suffices to show in a direct

way that

(b2)" = 3 (—1)kg(E) H (bq"; @)n—1F(bg"). (39)

1 — bg?n—1 k

k=0

For this, we calculate by using Heine's transformation formula to obtain

o 0250k = (=D)igD) (bgh) (bag;q),
o) = (bqk;Q)oo; (¢:9): (bz; q);
(R Qibrd) =, (i [k

- ;(q (q,zék(; C])CZ | :;(_1) o H

(bx)’
 (bdq)i

Inserting this into the r.h.s. of (39) to simplify the resulting identity, we
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have

RHS of (39) = 3 (~1)F+ig("s)—nit(3) H H (bq" @)1 (bx)’

n>k>i>0 kgL (bg*; @)
n N
v n K41y _ N| (b;q@)N+K+2i-1
_ br zq Nz[.] 1 Kq( 2 ) NK[ ] ,
iz:;( | ’ qKz::o( | K|, (bq@)k+2

where N =n — 1, K = k — 1. Evidently, if N > 1, then

(0; @) N+ K+2i—1 = (bgX+
(05 @) K +2i

QQ)N—1-

Since for fixed 4, (bg*'x;q)n—_1 is a polynomial of degree no more than
N — 1 in x, thus by a proposition of the difference operator, we find that
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the inner sum turns out to be

i(_l)Kq(Kgl)—NK [N] (0O N+rv2i-1 _

=0 K (05 @) k42

Thus, the only nonzero term corresponding to N = 0 of the r.h.s. of (39)
is (bz)™/(1 — bg®™~1). It gives the complete proof of (39). '
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LSRG

We hope that the generalized “Ismail’s argument” or the representation
of analytic functions in terms of (f, g)-series in this article is a new
general approach to the basic hypergeometric series. NE="TNol@B A

TH—THR

1. SRF(z), 18 F(x) € H(Q) BInp (f, 9)-E5

Z2HEEY ?

2. The (f, g)-expansion formula of F'(x) is in fact a rational
approximation to F'(x) if f(x,y) and g(x,y) are polynomials of two
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variables x and y. Thus, it is necessary to study application of this

expansion formula as well as the n-th order ( f, g)-difference operator
in the theory of (numerical) approximation.

3. The same problem remains open to the expansion formula (28),i.e.,

F(z) = > Ga(k)b(zxby)0 (wk) LLizy 6(0ir)0C;)

in the theory of elliptic hypergeometric series [45].
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