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A. The Lagrange inversion formula and three known
results

Lagrange inversion formula (cf.[46, §7.32])

Theorem 1. Assume that F (x) and φ(x) are analytic around
x = 0, φ(0) 6= 0. Then

F (x) =
∞∑

n=0

an

(
x

φ(x)

)n

, (1)

and the coefficients an are given by

an = n!
dn−1

dxn−1

[
φn(x)

dF (x)
dx

]
x=0

.
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where d
dx denotes the usual derivative operator.

In the past years, various q-analogues (as generalizations) of the
Lagrange inversion formula, as an active field of research with an
increasing number of applications to q-series and the
Rogers-Ramanujan identities, have been studied by numerous authors
(cf.[1, 8, 18, 25, 26, 42, 43]).

For a good survey about results and open problems on this topic, we
would like to refer the reader to Stanton’s paper [43].

Carlitz’s analogue [9, (1973)]

Theorem 2. For any formal series F (x), it holds that

F (x) =
∞∑

k=0

xk

(q, x; q)k

[
Dk

q,x{F (x)(x; q)k−1}
]
x=0

, (2)
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where Dq,x denotes the q-difference operator.

Gessel and Stanton’s analogue [18, (1983)]

Theorem 3. For any formal power series F (x),

F (x) =
∞∑

n≥k≥0

ak
(Apkqk; p)n−k

(q; q)n−k
q−nkxn (3)

if and only if

an =
n∑

k=0

(−1)n−kq(
n−k+1

2 )+nk(1−Apkqk)(Aqnpn−1; p−1)n−k−1

(q; q)n−k
F (qk).

(4)

Their result is based on the deep insight that the essential character of
the Lagrange inversion formula is equivalent to finding the inverse of
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an infinite lower triangular matrix F = (Bn,k) subject to Bn,k = 0
unless n ≥ k, Bn,n 6= 0, that is, another unique matrix G = (B−1

n,k)
satisfying ∑

n≥i≥k
B−1

n,iBi,k = δn,k,

where δ denotes the usual Kronecker delta.

Liu ’s expansion formula [30, (2002)]

Theorem 4. Given any formal series F (x), it holds that

F (x) =
∞∑

k=0

(1− aq2k)(aq/x; q)kx
k

(q; q)k(x; q)k

[
Dk

q,x{F (x)(x; q)k−1}
]
x=aq

. (5)
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B. Discrete analogue of the Lagrange-inversion formula

Äué±þ(Ø�*	, ·��±Ú\±eVg

Definition 1. Let f(x, y) and g(x, y) be two arbitrary nonzero functions
over C in variables x, y. Suppose that for all four numbers a, b, c, x,

f(x, a)g(b, c) + f(x, b)g(c, a) + f(x, c)g(a, b) = 0, (6)

then f(x, y) is called orthogonal to g(x, y). In particular, f(x, y) is called
self-orthogonal if f(x, y) is orthogonal to itself.

Write f(x, y)⊥g(x, y), or in short, f⊥g if f(x, y) is orthogonal to
g(x, y). As it stands, f⊥g does not mean g⊥f . This definition allows us
to rewrite

KerL3 = {f(x, y)|f⊥f}, KerL(g)
3 = {f(x, y)|f⊥g}.
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Now, we use Ω to denote an open subset of the complex plane, and
H(Ω) the space of analytic functions over Ω.

Definition 2. With the assumption as above. Let F (x) ∈ H(Ω). The
following series

∞∑
k=0

G(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

, (7)

where the coefficients G(n) are given by

n∑
k=0

F (bk)
∏n−1

i=1 f(xi, bk)∏n
i=0,i 6=k g(bi, bk)

,

is called the (f, g)-series generated by F (x) with respect to two
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sequences {bi} and {xi} over Ω. We denote it by

F (x) ∼
∞∑

k=0

G(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

(8)

Very similar to the situation in the theory of Fourier series, we come up
against two questions:

The convergence problem Does the series (7) converge at some point
x ∈ Ω?

The representation problem If (7) does converge at x ∈ Ω, is its sum
F (x)? more precisely,

F (x) =
∞∑

k=0

G(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

. (9)
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ùü�¯KÑ´�7(f, g)-inversion formula�#¯K"�
ïÄù�
�üúª3Ä��AÛnØS��^§·�r°å �3L«¯Kþ"
�dÚ\

Definition 3. Let F (x) ∈ H(Ω) and f(x, y) ∈ KerL(g)
3 . If there exist

three sequences {xi}, {bi} ⊆ Ω, and {χ(i)}, such that for any x ∈ Ω,

F (x) =
∞∑

k=0

χ(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

. (10)

then it is called the (f, g)-expansion formula of F (x) with respect to two
sequences {bi} and {xi} over Ω.

Whereas many nonterminating summation and transformation formulas
from the theory of basic hypergeometric series, just like Examples 2 and
3, fit into such a framework, apparently there is no general theorem
(aside from those formulas mentioned in Section 1) known on the
existence of such phenomena.
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C. The (f, g)-difference operator

In what follows, we use C(x) to denote the linear space of all functions
over C of a variable x.

Definition 4. Let f(x, y) ∈ KerL(g)
3 , {xi} and {bi} be arbitrary

sequences such that none of the denominators in (11) vanish. Then the
mapping

D(n)
(f,g)

[
b0, b1, . . . , bn
x1, . . . , xn−1

]
{•} : C(x) −→ C,

such that

D(n)
(f,g)

[
b0, b1, . . . , bn
x1, . . . , xn−1

]
{F (x)} =

n∑
k=0

F (bk)
∏n−1

i=1 f(xi, bk)∏n
i=0,i 6=k g(bi, bk)

(11)

is said to be the nth order (f, g)-difference operator with respect to
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n+ 1 pairwise distinct nodes b0, b1, b2, · · · , bn and n− 1 parameters
x1, x2, · · · , xn−1.

The following example displays that D(n)
(f,g) is a generalization of the

divided difference and the q-difference operator in numerical analysis and
special function.

Example 1. Let f(x, y) = 1, g(x, y) = x− y, bi = xi+1, i = 0, 1, 2, · · · .
Then

D(n)
(g) [x1, x2, · · · , xn+1]{F (x)} = (−1)nF [x1, x2, · · · , xn+1], (12)

where the classical divided difference F [x1, x2, · · · , xn+1] is recursively
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defined by

F [x1] = F (x1);

F [x1, x2] =
F (x1)− F (x2)

x1 − x2
;

F [x1, x2, x3] =
F [x1, x2]− F [x2, x3]

x1 − x3
;

· · · ;

F [x1, x2, · · · , xn] =
F [x1, x2, · · · , xn−1]− F [x2, x3, · · · , xn]

x1 − xn
.

See [3, p.123] for more details.

As might be expected from this definition by specializing
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bi = x+ h(i− 1), D(n)
(g) can be expressed in a simpler form

D(n)
(g) [x, x+ h, x+ 2h, · · · , x+ nh]{F (x)} =

1
n!hn

∇n
hF (x),

where ∇h is the usual backward difference operator defined as
∇h{F (x)} = F (x)− F (x+ h). In the meantime, assume that F (x) is
n-times differentiable at x. Then it is easily found that

lim
h→0

D(n)
(g) [x, x+ h, x+ 2h, · · · , x+ nh]{F (x)} =

1
n!
dn

dxn
F (x). (13)

Another interesting case is that with the specification
bi = xqi, i = 0, 1, 2, · · · , we have

D(1)
(g)[x, xq]{F (x)} =

1
(q − 1)

Dq,xF (x),
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where Dq,x denotes the q-difference operator (cf.[24]) appeared
previously in (2)

Dq,xF (x) =
F (x)− F (qx)

x
. (14)

(f, g)-�©�f�äkûÐ�5�:

Theorem 5. [444ííí'''XXX] Let f(x, y) ∈ KerL(g)
3 , and D(n)

(f,g) be defined
as above. Then for any integer n ≥ 0,

D(n+1)
(f,g)

[
b0, b1, . . . , bn+1

x1, . . . , xn

]
{F (x)}

=
f(xn, b0)
g(bn+1, b0)

D(n)
(f,g)

[
b0, b1, . . . , bn
x1, . . . , xn−1

]
{F (x)}

+
f(xn, bn+1)
g(b0, bn+1)

D(n)
(f,g)

[
b1, b2, . . . , bn+1

x1, . . . , xn−1

]
{F (x)}. (15)
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Theorem 6. [Leibinz formula] Let f(x, y) ∈ KerL(g)
3 , and D(n)

(f,g) be
defined as above. Then

D(n)
(f,g)

[
b0, b1, . . . , bn
x1, . . . , xn−1

]
{F (x)H(x)}

=
n∑

k=0

f(xk, bk) D(k)
(f,g)

[
b0, b1, . . . , bk
x1, . . . , xk−1

]
{H(x)} (16)

D(n−k)
(f,g)

[
bk, bk+1, . . . , bn
xk+1, . . . , xn−1

]
{F (x)}.
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D.The (f, g)-expansion formula and Ismail’s argument

e¡�(ØQ`²F (x)�(f, g)-Ðmªe�3K7´���,Ó�`
²(f, g)-�©�f��^.

Theorem 7. The coefficients χ(n) in (10) are uniquely determined by
{G(i)}, i.e.,

χ(n) = D(n)
(f,g)

[
b0, b1, . . . , bn
x1, . . . , xn−1

]
{F (x)}. (17)

It is worth pointing out that even if the (f, g)-series generated by F (x)
does not converge to itself, it always agrees with F (x) at infinite points
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bn, n = 0, 1, · · · , i.e.,

F (bn) =
∞∑

k=0

G(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

|x=bn. (18)

�o´“Ismail �n”º

Generally speaking, the “Ismail’s argument” can be summarized briefly as
follows: if one wants to prove two analytic functions F (x) = G(x), all
that is necessary is to show that they agree infinitely often near a point
that is an interior point of the set of analyticity.

Hence, in order to guarantee that they are equal over Ω, it is sufficient to
require that the series and F (x) be analytic around x = b while b can be
chosen as an accumulation point of {bi} in the interior of Ω. Combining
this idea with the original “Ismail’s argument” due to Ismail, we get all
that described in the present paper.
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Theorem 8. [Generalized Ismail’s argument] Let F (x) ∈ H(Ω),
f(x, y) ∈ KerL(g)

3 . Let Sn(x) be the sequence of partial sums of the
(f, g)-series generated by F (x), say

Sn(x) =
n∑

k=0

G(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

(19)

where the coefficients

G(k) = D(k)
(f,g)

[
b0, b1, . . . , bk
x1, . . . , xk−1

]
{F (x)}. (20)

Assume further that

(i) limn 7→∞ bn = b ∈ Ω;

(ii) Sn(x) converges uniformly to S(x) in a neighborhood of b ∈ Ω;
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(iii) for any integer i ≥ 0, g(bi, x)/f(xi+1, x) is analytic at x = b.

Then there exists a subset Ω1 ⊆ Ω containing b such that for x ∈ Ω1,

F (x) = S(x) =
∞∑

k=0

G(k)f(xk, bk)
∏k−1

i=0 g(bi, x)∏k
i=1 f(xi, x)

. (21)

Our argument is based on the (f, g)-inversion formula.

Lemma 1. Let F = (Bn,k)n,k∈Z and G = (B−1
n,k)n,k∈Z be two matrices

with entries given by

Bn,k =
∏n−1

i=k f(xi, bk)∏n
i=k+1 g(bi, bk)

and (22)

B−1
n,k =

f(xk, bk)
f(xn, bn)

∏n
i=k+1 f(xi, bn)∏n−1

i=k g(bi, bn)
, respectively, (23)
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where Z denotes the set of integers, {xi} and {bi} are arbitrary
sequences such that none of the denominators in the right hand sides of
(22) and (23) vanish. Then F = (Bn,k)n,k∈Z and G = (B−1

n,k)n,k∈Z is a

matrix inversion if and only f(x, y) ∈ KerL(g)
3 .

ù��üúªÚ�
8cÌ��®�(Ø: Gould-Hsu
inversion(1973c); Krattethaler’s formula(1996c); Warnaar’s
formula(2002c).

Remark 1. Note that Conditions (i) and (ii) are also necessary.
Otherwise, the conclusion may be false. For instance, let F (x) = sin(πx)
and parameter sequence bk = k, k = 1, 2, · · · . Assume that

sin(πx) =
∞∑

k=0

G(k)x(x− 1)(x− 2) · · · (x− k + 1).
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By the (1, x− y)-inversion, it would follow that

G(n) = D(n)
(x−y)[0, 1, . . . , n]{sin(π x)} ≡ 0

for n ≥ 1, i.e., sin(πx) = 1, which is obviously contrary to the known
fact.

Remark 2. Note that Conditions (i) and (ii) are also necessary.
Otherwise, the conclusion may be false. For instance, let F (x) = sin(πx)
and parameter sequence bk = k, k = 1, 2, · · · . Assume that

sin(πx) =
∞∑

k=0

G(k)x(x− 1)(x− 2) · · · (x− k + 1).

By the (1, x− y)-inversion, it would follow that

G(n) = D(n)
(x−y)[0, 1, . . . , n]{sin(π x)} ≡ 0
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for n ≥ 1, i.e., sin(πx) = 1, which is obviously contrary to the known
fact.

Remark 3. 2Â�Ismail�n��±À�Lagrange�üúª�lÑ�
[(discrete analogue),=3(1)¥(

x

φ(x)

)n

7−→ f(xn, bn)
∏n−1

i=0 g(bi, x)∏n
i=1 f(xi, x)

.

Five important cases of Theorem 8 are worthy of note, which are
obtained by specializing

f(x, y) = 1, g(x, y) = x− y;
= x− y, = x− y;
= 1− xy, = x− y;
= (1− axy)(1− bx

y), = (x− y)(1− b
axy);

= yθ(xy)θ(x
y), = yθ(xy)θ(x

y))
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respectively. We now summarize these results without proof.

Corollary 1. With the same assumption as Theorem 8. Then the
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following hold

F (x) =
∞∑

k=0


k∑

j=0

F (bj)∏k
i=0,i 6=j(bi − bj)


k−1∏
i=0

(bi − x) (24)

=
∞∑

k=0

(xk − bk)


k∑

j=0

F (bj)
∏k−1

i=1 (xi − bj)∏k
i=0,i 6=j(bi − bj)


∏k−1

i=0 (bi − x)∏k
i=1(xi − x)

(25)

=
∞∑

k=0

(1− xkbk)


k∑

j=0

F (bj)
∏k−1

i=1 (1− xibj)∏k
i=0,i 6=j(bi − bj)


∏k−1

i=0 (bi − x)∏k
i=1(1− xxi)

(26)

=
∞∑

k=0

G1(k)(1− axkbk)(1− bxk/bk)

∏k−1
i=0 (bi − x)(1− b

abix
)∏k

i=1(1− axix)(1− bxi
x )

;(27)

=
∞∑

k=0

G2(k)bkθ(xkbk)θ
(
xk

bk

) ∏k−1
i=0 θ(bix)θ(

bi
x )∏k

i=1 θ(xix)θ(xi
x )
, (28)
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where the coefficients

G1(k) = D(k)

((1−axy)(1−bx
y),(x−y)(1− b

axy))

[
b0, b1, . . . , bk
x1, . . . , xk−1

]
{F (x)},

G2(k) = D(k)

(yθ(xy)θ(x
y),yθ(xy)θ(x

y))

[
b0, b1, . . . , bk
x1, . . . , xk−1

]
{F (x)}, and

θ(x) = (x; q)∞(q
x; q)∞, |q| < 1.

We remark that the theta function θ(x) satisfying Jacobi’s triple product
identity

θ(x)(q; q)∞ =
∞∑

k=−∞

(−1)kq(
k
2)xk, x 6= 0

has been frequently used in the study of the elliptic hypergeometric series.
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E. The (1− xy, x− y)-expansion theorem

32Â�Ismail�n�Ä:þ§·��±ïá

Theorem 9. [The (1− xy, x− y)-expansion theorem] Let
F (x) ∈ H(Ω), {bi}, {xi} ⊆ Ω such that {bi} are pairwise distinct and
{xi} is bounded, limi 7→∞ bi = b 6= b0 and inf{|1/xi − b| : i ≥ 0} > 0.
Suppose further that lim supk 7→∞ |λk| <∞ where

λk =
D(k)

(1−xy,x−y)

[
b1, b2, . . . , bk+1

x1, . . . , xk−1

]
{F (x)}

D(k)
(1−xy,x−y)

[
b0, b1, . . . , bk
x1, . . . , xk−1

]
{F (x)}

. (29)
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Then there exists an open set Ω1 containing b such that for x ∈ Ω1,

F (x) =
∞∑

k=0

(1− xkbk)
{

D(k)
(1−xy,x−y)

[
b0, b1, . . . , bk
x1, . . . , xk−1

]
{F (x)}

} ∏k−1
i=0 (bi − x)∏k

i=1(1− xxi)
.

(30)

Remark 4. It is also worthy of note that Fu and Lascoux, in their paper
[13], established a similar expansion formula in the setting of formal
power series by virtue of a divided difference operator acting on
multivariate function. For a discussion of this divided difference operator
and related matters, the reader may consult [29].
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E1.The (1− xy, x− y)-expansion form of Gessel and
Stanton’s q-analogue

���<��À(�)Gessel and Stanton�<)�¯¢:½n 9Ù¢´%
¹
 Gessel and Stanton�(J�(f, g)-Ðmúª/ª. ù�úª Ú�

4£I�Ðmúª (ÏdCarlitz’s q-�[.)

Theorem 10. [Gessel and Stanton’s q-analogue (3)/(4))] Let
|p|, |q| < 1 and F (x) =

∑∞
n=0 anx

n be arbitrary power series with the
nonzero radius R of convergence and be also convergent at x = R.
Assume further R is not of the form qn(n ≥ 0), limn 7→∞ an+1/an = c0,
and 0 < m|c0|n ≤ |an| ≤M |c0|n. Then

F (x) =
∞∑

k=0

G3(k)(1−Apkqk)
∏k−1

i=0 (qi − x)
(q; q)k(Apx; p)k
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where the coefficients

G3(n) =
n∑

k=0

(−1)n−kq(
k+1
2 )−nk

[
n

k

]
q

(Apqk; p)n−1F (qk); (31)

Remark 5. We obtain it only by specializing bi = qi, xi = Api in (30).
It can be regarded as initial study on the representation problem of F (x)
in terms of (f, g)-series.

Remark 6. Liu’s q-expansion formula (5) follows from the q-analogue
of Gessel and Stanton by substituting p 7→ q, A 7→ a, x 7→ x/aq, and
Identity (2) is the special case a 7→ 0 of (5).
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G. Two illustrative examples

Example 2. For |q| < 1 and a variable z : |z| < 1,

∞∑
n=0

(a; q)n

(q; q)n
zn =

(az; q)∞
(z; q)∞

(32)

is equivalent to its finite form

n∑
k=0

(−1)kq(
k+1
2 )−nk

[
n

k

]
q

(z; q)k = zn ⇐⇒
n∑

k=0

(−1)kq(
k
2)

[
n

k

]
q

ck = (c; q)n. (33)

Proof. Now, we replace the parameter a by a new variable x and take z
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as a parameter, and then reformulate (32) as

∞∑
k=0

zk

(q; q)k
(x; q)k =

(zx; q)∞
(z; q)∞

,

which turns out to be equivalent to, under the substitution
x 7→ 1/x, z 7→ zx,

∞∑
k=0

(−1)kzk

(q; q)k

k−1∏
i=0

(qi − x) =
(z; q)∞
(zx; q)∞

. (34)

Letting x = qn yields a terminating summation formula

n∑
k=0

(−1)kzk

(q; q)k

k−1∏
i=0

(qi − qn) = (z; q)n. (35)
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Now, applying the (1, x− y)-inversion given in Lemma 1 to (35) to arrive
at

(−1)nzn

(q; q)n
=

n∑
k=0

(z; q)k
n∏

i=0,i 6=k

(qi − qk)

,

which reduces after simplification to the desired result. Conversely, in the
light of the (1, x− y)-inversion, (33) is equivalent to (35), the latter
states that (34) is valid for x = qn, n = 0, 1, 2, · · · . Then by the
generalized “Ismail’s argument”, (34), i.e., the q-binomial theorem holds.

Another example of the (1− xy, x− y)-expansion formula, also a good
case to illustrate the “Ismail’s argument”, is the following generalized
Lebesgue identity due to Carlitz.
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Example 3. For three indeterminates q, x, a with |q| < 1 and |x| < 1,

∞∑
k=0

(−1)kq(
k
2) (x; q)ka

k

(q, bx; q)k
=

(a, x; q)∞
(bx; q)∞

∞∑
k=0

(b; q)k

(q, a; q)k
xk. (36)

Proof. At first, apply the substitution b 7→ b/y, x 7→ xy, a 7→ y to
reformulate equivalently the identity in question as

F (y) =
∞∑

k=0

(−1)kxk

(q; q)k

∏k−1
i=0 g(bi, y)∏k
i=1 f(xi, y)

, (37)

where f(x, y) = 1− xy, g(x, y) = x− y, bi = bqi, xi = qi−1, and F (y) is
defined by

F (y) =
∞∑

i=0

(−1)iq(
i
2)(bxqi; q)∞

(q; q)i

yi

(y, xyqi; q)∞
. (38)
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By the (1− xy, x− y)-expansion formula, it suffices to show in a direct
way that

(bx)n

1− bq2n−1
=

n∑
k=0

(−1)kq(
k+1
2 )−nk

[
n

k

]
q

(bqk; q)n−1F (bqk). (39)

For this, we calculate by using Heine’s transformation formula to obtain

F (bqk) =
(bx; q)k

(bqk; q)∞

∞∑
i=0

(−1)iq(
i
2)(bqk)i

(q; q)i

(bxqk; q)i

(bx; q)i

=
∞∑

i=0

(q−k; q)i(bxqk)i

(q, bqk; q)i
=

k∑
i=0

(−1)iq(
i
2)

[
k

i

]
q

(bx)i

(bqk; q)i
.

Inserting this into the r.h.s. of (39) to simplify the resulting identity, we
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have

RHS of (39) =
∑

n≥k≥i≥0

(−1)k+iq(
k+1
2 )−nk+(i

2)
[
n

k

]
q

[
k

i

]
q

(bqk; q)n−1(bx)i

(bqk; q)i

=
n∑

i=0

(bx)iq−Ni

[
n

i

]
q

N∑
K=0

(−1)Kq(
K+1

2 )−NK

[
N

K

]
q

(b; q)N+K+2i−1

(b; q)K+2i
,

where N = n− i,K = k − i. Evidently, if N ≥ 1, then

(b; q)N+K+2i−1

(b; q)K+2i
= (bqK+2i; q)N−1.

Since for fixed i, (bq2ix; q)N−1 is a polynomial of degree no more than
N − 1 in x, thus by a proposition of the difference operator, we find that
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the inner sum turns out to be

N∑
K=0

(−1)Kq(
K+1

2 )−NK

[
N

K

]
q

(b; q)N+K+2i−1

(b; q)K+2i
= 0.

Thus, the only nonzero term corresponding to N = 0 of the r.h.s. of (39)
is (bx)n/(1− bq2n−1). It gives the complete proof of (39).
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We hope that the generalized “Ismail’s argument” or the representation
of analytic functions in terms of (f, g)-series in this article is a new
general approach to the basic hypergeometric series. e¡n�¯Kk�
u?�ÚïÄ

1. ¦F (x), ¦�F (x) ∈ H(Ω) �n� (f, g)-�©

D(n)
(f,g)

[
b0, b1, . . . , bn
x1, . . . , xn−1

]
{F (x)}

´µ4�º

2. The (f, g)-expansion formula of F (x) is in fact a rational
approximation to F (x) if f(x, y) and g(x, y) are polynomials of two
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variables x and y. Thus, it is necessary to study application of this
expansion formula as well as the n-th order (f, g)-difference operator
in the theory of (numerical) approximation.

3. The same problem remains open to the expansion formula (28),i.e.,

F (x) =
∞∑

k=0

G2(k)bkθ(xkbk)θ
(
xk

bk

) ∏k−1
i=0 θ(bix)θ(

bi
x )∏k

i=1 θ(xix)θ(xi
x )
, (40)

in the theory of elliptic hypergeometric series [45].
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