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1 Unimodal and log-concave sequences

Def 1. Let {ag, a1, ..., a,} be a sequence of positive numbers.

The sequence is said to be unimodal (UM) if there exists an in-
dex 0 < m < n, called the mode of the sequence, such that
ap < -0 S Qa1 S Gy 2 Gyl = 000 2 Ay,

It is log-concave (LC) if a; _1a;11 < a? forall 0 < i < n.
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2 Newton Inequality
If ZZZO apz” € RZ, then a? > Qp_ 1Ok 1 (1 + %) (1 + ﬁ)

Therefore ay, . .., a, 1s LC and UM with at most two modes.
Ex1. Y (7)2’ = (x 4+ 1)" € RZ. So the sequence (), (}),...., (})
=0

has a mode n/2 or two modes (n £+ 1)/2.
Notation: 1. Let RZ be the set of polynomials with only Real Zeros.
2. Let PF consist of the polynomials in RZ with positive coefficients.
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3 Interlacing of polynomials

n

Def 2. Suppose that f(z) = a[[(x — 7)), r, < -+ < r; and

g(x) = 5H( Si)y Sm < --- < 81,

We say that g interlaces f, denoted by g < f, if the roots of g and f
satisty

o o

g -~ *— -~ *—- -~

Denote by g < f if all roots of f and g are distinct.
Propl. P € RZ— P’ =<y P.

Ex 2. L@tP=(£C+1)3(33+5), TN =7Ty=173=—1,14 = —0.
Then P/ = 4(x + 1)*(x +4), s1=5=—1,83 =—4.



Unimodal and log- . ..
4 Problems
Interlacing of polynomials

Problems

Mo 1. 1.Let F(x) = a(x)f(x) + b(x)g(x). Suppose that f,g € RZ and
o .. g = f. Under what conditions F' € RZ and f < F'?

% 2. Let F(x) = <)<>+zb<) i(z). Suppose that f,g; € RZ
_ | » and g; < f for all j. Under What conditions F' € RZ and f < F'?
|

s oo 3.Let F(z) = a(x)f(x)+b(x)g(x) and G(x) = c(x) f(x)+d(z)g(x).
Go Back Suppose that f, g € RZ and g < f. Under what conditions F', G €
e RZ and G <X F?
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9 Theorem 1 and Applications

Theorem 1 and. ..

Theoam2ard... Thm 1. Let I, f, g be three real polynomials satisfying
e (1). F(z) = a(x)f(x)+b(x)g(x), where a(x), b(x) are two real poly-
_tonerue | nomials such that deg F' = deg f or deg f + 1.

Title Page

(2). f,g e RZand g < f.

(3). F' and g have leading coefficients of the same sign.

ZE If b(r) < 0 whenever f(r) = 0, then F' € RZand f =< F. In
_— particular, if g < f and b(r) < 0 whenever f(r) =0, then f < F.
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Applications of Theorem 1
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Problems

e 1. Stirling polynomials: Sy(x) = 1 and
— Sn(z) = £Sp_1(z) + xS _(z).
— 2. Eulerian polynomials: Ay(z) =1 and
Title Page An(ﬂf) = 'n,.fIfAn_l(ﬂf) + :I:‘(l — CC)A;L_l(fU)
<> 3. Orthogonal polynomials: p_1(x) = 0, pg(x) = 1 and
jﬁ pn(aj) — (afn:lj + bn)pn—1<$> — Cnpn—Q(x)a Qp, Cp > 0.
oo Back 4. Narayana polynomials: N;(z) = z, No(z) = 2 + 2* and
_Ful soreen_| (n+ 1)Ny(z) = 2n — 1)1+ 2)Ny1(z) — (n — 2)(1 — 2)°N,_a(x).
Close
Quit
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6 Theorem 2 and Applications

Interlacing of polynomials

Problems

e e Thm 2. Let I, f, g1, . . ., g;. be real polynomials satisfying

eorem 1. (1). F(z) = a(z)f(x) + bi(x)g1(x) + - - - + bp(x)gx(z), where a, b,
 bomerae | are real polynomials such that degF' = deg f or deg f + 1.

e pace | (2). f,g9; € RZ and g; < f for each j.

ﬁi (3). I and g; have leading coefficients of the same sign.

page ot If bj(r) < 0 for each j and each zero r of f, then F' € RZ and
Go Back f = F'. In particular, if for each zero r of f, there is an index j such
— that g; < fand b;(r) <0, then f < F.
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Applications of Thm 2

Newton Inequality
S 1. Brenti derangement polynomials: dy(z) = 1,d;(x) = 0 and

Problems

Theorem 1 and. ..

mesenia do(z) = (n — Dad,_1(z) + 2(1 —x)d,_(z)+ (n — 1)xd,_s(x).
Home Page 2. Matching polynomials:
Title Page
P M(G,z) =zM(G — {v},z) = Y M(G - {v,u},=z).
|| U~V

Page s of 16 3. Heilmann-Lieb partition functions: W > 0 and

Go Back

Fur s Q(G,x) =2Q(G — {v},x) ZW (u,v)Q(G — {v,u}, x).

h u~v
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/ Theorem 3 and Applications
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Newton Inequality

riacing of ponomis Thm 3. Let f, g, F', G be four standard real polynomials satisfying

Problems

— (D. F(z) = a(z)f(z) + b(z)g(z) and G(z) = c(z)f(z) + d(z)g(z)
—— where a(x), b(x), c(x), d(x) are real polynomials such that deg F' =
— deg G or deg G + 1.
Tite Page (2). f,ge RZand g < f.
RS (3). A(x) = a(x)d(z) — b(x)c(x) > 0 whenever G(x) = 0.
e Suppose either that ¢(x) is a positive constant and deg G < deg g + 1

Page 10 of 18

Go Back or that d(x) is a positive constant and deg G < deg f. Then F,G €
Ful Sereen RZ and G =X F. In particular, if ¢ < f and A(x) > 0 whenever
’ G(x) =0,then G < F.
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Applications of Thm 3: folklore results

Newton Inequality

Interlacing of polynomials

prbioms Coro 1. Let a,b,c,d > 0. Suppose that f, g € RZ are standard and
— g = f. Then the following statements hold.
1.If ad > bc, then cf +dg < af+bg. Inparticular, g < af+bg < f.
ad > be, then cf +dg < af+bg. Inparticular, g < af+bg < f
__Tte Page_| 2.If af — bg is standard, then cf + dg =X af — bg. In particular,
RS <af — bg.
—— fi9 2 af —bg

Page 11of 3.If —af+bgis standard, then —a f+bg = cf+dg, and in particular,
Go Back _a/f—|_bgjf,g-

Full Screen

, Similar results hold when g < f.
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Problems

Applications of Thm 3: A simple proof of Wang-Yeh thm
— Wang-Yeh Thm. Let f and g be two standard RZ polynomials and

__Tie page_| g = f. Suppose that ad < bc. Then

SRS F(z)=(ax +b)f(x) + (cx + d)g(x) € RZ.

e (@) = (a2 + D) (x) + (ex + d)g(a)

page cor Proof. LetG(x) = af(x)+cg(x). Then ;G € RZand G < F. [
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Applications of Thm 3: Nice Matrix

Interlacing of polynomials

Problems

Theorem 1 and... a C . .
Thsren 2. Let M = 7 be a polynomial matrix, where a, b, ¢, d € R*[x].

Theorem 3 and. ..

T Def 3. We say that the polynomial matrix M is nice if

Title Page

(1).dega < 1,degb < 2,degd < 1 and c is a positive constant.
(2). det(M) > 0 for x < 0.

page 301 1 Prop 2. M isnice = b € RZ and d < b.

Go Back

at Scrn Proof. d(r) =0,ad > bc = b(r) < 0. ]
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Genus Polynomials

Ex 3. Given a finite graph GG and a nonnegative integer k, let v(G, k)
denote the number of distinct embeddings of the graph G into an
oriented surface of genus k. Define the genus polynomial

GP(G,x) = ~(G, k)",
k>0
Stahl Conjecture. GP(G,x) € RZ.
Stahl considered the [ -linear family of graphs obtained by consis-
tently amalgamating additional copies of a graph H. For such a fam-
ily {G,,}, there is a square matrix M and vector v with entries in Z|z|
such that the genus polynomial of G, is the first entry of M"v.
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Interlacing of polynomials 4 2 1
1. M 1= - V1 = .
Problems 6 T O T

Theorem 1 and. ..
0 4 1
Theorem 2 and. .. 2 M — —= .
Theorem 3 and. .. ? (23j 2) 7 U2 <1>
243z 1 1+
3. Ms=14 =3 .
Home Page 3 ( 45[,’ 2:[,') ’ U3 ( 25(: )
[ m e |

itle Page 2
e Pao 4, M4:6@xlf’3>, U4:2(H )
44 >>| L L L

1922 96 + 288z 18 + 18z
< > | 5. M = = .
° (72 +19222 244288z) 7 ° ( 6 + 30z )
e roore | ¢ A ( 8t68T 4+16x\ (24140
_ o Back_| 0T 32044822 162 )0 T \8r+8z2)
Full Screen 7M. — 4 2+ 65x + 5dx? 1+ 22x (24 98z + 3622
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Stahl Question

Let M(x) = Z 2 where a, b, ¢, d € R|z].

1. Under what conditions can it be guaranteed that if (f(x), g(x)) is
a pair of polynomials whose zeros interlace, then so do the zeros
of the two components of the vector (f(x), g(x))M () interlace?

2. Under what conditions can it be guaranteed that the zeros of each
of the entries of M"(z) are all real for k = 1,2, .. ..

Remark 1. Let M* = | ¥ %) Then (i1, cre1) = (ag, cx) M.

b dy,
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Thank you for your attention!
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