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1 Basic concepts

Nearly antipodal coloring is a special setting of the radio k-colorings.

Radio k-colorings are generalizations of ordinary colorings of graphs, which
were inspired by (FM Radio) Channel Assignments Problem (see [5, 6]) and
introduced by G. Chartrand, D. Erwan, F. Harary and P. Zhang [!].

For a connected graph G of order n and diameter d and a integer k£ with
1 < k < d, aradio k-coloring of G is a function

c:V(G) — N,

such that
d(u,v) + |e(u) —c(v)| > k+1

for every pair u and v of distinct vertices of GG, where d(u, v) denotes the dis-
tance between v and v (the length of a shortest u — v path) in G.

Clearly, radio 1-colorings and ordinary colorings are synonymous.
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The value rcy(c) of aradio k-coloring ¢ of GG is the maximum color assigned
to a vertex of GG; while the radio k-chromatic number rci(G) of G is min{rcy(c)}
taken over all £-colorings of G.

In particular, radio d-coloring is referred to as radio labeling, and the radio

d-chromatic number is called the radio number.

Note that in a radio (d — 1)-coloring of G, it is possible for two vertices u and
v to be colored the same, but only if they are antipodal, that is, d(u,v) =diam
(G) = d. For this reason, a radio (d — 1)-coloring was also referred to as a radio
antipodal coloring or, more simply, as an antipodal coloring. And the radio

(d — 1)-chromatic number is called the antipodal chromatic number, denoted by
ac(@).

Radio k-coloring and radio d-coloring (radio labeling) of graphs were studied
in [ 1, 2]. Radio antipodal coloring of paths was studied in [3, 4].
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Furthermore, G. Chartrand, L. Nebesky and P. Zhang gave the concepts of
nearly antipodal colorings in [4].
For a connected graph G of diameter d, a nearly antipodal coloring of G is a
function
c:V(G) = N,
such that
d(u,v) + |c(u) —c(v)| >d—1

for every two distinct vertices u and v of G. The value rc’(c) of a nearly antipo-
dal coloring ¢ of GG is the maximum color assigned to a vertex of GG. The nearly
antipodal chromatic number r¢'(G) of G is min{rc’(c)} taken over all nearly
antipodal colorings of G.

In fact, for d > 3, a nearly antipodal coloring is a radio (d — 2)-coloring.
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Clearly, if GG is a connected graph of diameter 1 or 2, then ac’(G) = 1;
while if diam(G) = 3, then ac/(G) is the chromatic number of GG. Thus nearly
antipodal colorings are most interesting for connected graphs of diameter 4 or
more. For this reason, the nearly antipodal chromatic number of paths P,, were
investigated in [4] by G. Chartrand, L. Nebesky and P. Zhang. And they showed
that

ac'(P;) = b, ac/(Ps) = 7, ac'(P;) = 11 and ac’(Ps) = 16.

Moreover, they presented an upper bound for the nearly antipodal chromatic

number of paths P, for every positive integer n as follows.

Theorem 1([4]). If nis a path of order n > 1, ac’(P,) < (”52) + 2.
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2 Main results

In this paper we will present an improved version for Theorem 1. We will

show that

Theorem 2. 1. If n 1s even and n > 10, then
ac(P) < (7)) =3 - L]+ 75
2. If n1s odd and n > 13, then

ac(B,) < ("3°) — %5 — 2] +8.

Clearly, it holds that —5 — Ll—r?j + 7 < 1 for all even integers n > 10, and
—”T_l — L%J + 8 < 1 for all odd integers n > 13. Thus, for all even integers
n > 10 and all odd integers n > 13, Theorem 1 improves the upper bounds of

ac'(P,).
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3 Sketch of the proof

1. nis even and n > 10.

Firstly, we let n > 12, note that — | 12| = 0, it suffices to show that ac’(P,) <
(”22) — 4 + 7. Write n = 2k = 10 + 2(4p + ¢q), where p € {0,1,2,...} and
q € {1,2,3,4}. Then we have that k = 5+ (4p+¢) and d— 1 =diam(P,) —1 =
2k — 2.

Denoted the vertices of P, by (see Figure 1)

— o e ! / .., / /
‘/1 — {xlax%yl?y?am17x273337y17y27y3}7

_ vy / / /.., / / /
Vo = {v1, u2, 03, Us, . . ., Vap_1, Ugp; V], Vg, . . . ) Ugpy_ 1, Ugps Ug, Ugy - oy Uy 1, u2p},

= {w1,wa, ..., Wy 21,29, - .+, Zg; V2p, U2p—1, - - -, Vg, U3, U2, U7 }.

() ()™ (s " Wuny) B0tk e, )

1 ‘ ‘ / :
Y1 Y2 w1 Uz  U2p—1 U2p! Zq 21 ‘U2p Uop 1 Uy uy oy Yo Y1

w5, - c(2q) e(2)

(U2p) C(Uzp 1)C(U2) C(U}) C(yg) 0(92) 0(91)

: ! Lo / :
Ty T2l VI V2 U2p1 Uzp‘ Wq Wi vy, Vi, 1 VR U, . xh  xh  x

c(x1) C($2)§C(U1) c(vap— 1)< Qp)c(wq)c( )(UQp) C(U2p 1)C(U2) C(Ui) c(xy) c(xh) c(xh)

c(v2)

Figure 1: A nearly antipodal coloring for P, (n = 2k > 10)
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In the following we will present a coloring ¢ for P, by three steps, such that
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holds for all distinct vertices u,v € V3 U Vo U Vg = V(P,), and
ac'(c) = (",°) — L +7T.

WEE R |

Step 1. Color the vertices in V7 (see Figure 1).

Step 2. Color the vertices in V5 (see Figure 1).

Step 3. Color the vertices in V3 (see Figure 1).

Step 3.1. Color the vertices in {wn, ..., wy; 21, ..., 24} (see Figure 1).

Step 3.2. Color the vertices in {vay, uap—1, - - ., Vs, Uz, Va2, u1 } (see Figure 1),
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From the above three steps, we can establish four Claims and show that
ac'(P,) <ac'(c) = (”;2) — 5 + 7 for all even integers n > 12.

Secondly, for n = 10, in the above proof we take p = 0 and ¢ = 0. Namely,

Vo = V3 = @, V(Py) = Vi = {27, 15,73, Ta, 71, Y1, Y2; Y3, Yo, Y1 | (also see

Figure 1 and let p = ¢ = 0). Then coloring c|,cy;(v) is a nearly antipodal

coloring for Pyjy. Thus by Claim 2, ac’(Py) <ac'(c|yev;) = max c(v) = c(y2) =

(6k — |r=s = 29 = (*%?) + 1.

Since —Lln—oj = —1 for n = 10, it follows that ac’'(Pyy) <ac'(c|ver;) =
10—2 10-2\ 10 10
( 2 )Z( 2 >_7_LEJ+7'

Combine the above, we complete the proof of assertion 1 in Theorem 2.
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2. nisodd andn > 13.

Firstly, we let n > 15, note that — | 12| = 0, it suffices to show that ac’(P,) <
("22) — 5 +8. Writen = 2k +1 = 13+ 2(4p+q), where p € {0,1,2,...} and
q € {1,2,3,4}. Then we have that k = 6+ (4p+¢) and d— 1 =diam(P,) —1 =
2k — 1.

Denoted the vertices of P, by (see Figure 2)

_ . . . / / / .,/ / / /
Vi — {x07x17x27ylay27x17x27$37x47y17y27y37y4}7

J— vl / / .,/ / / /
Vo = {v1, U2, 03, Uy, . . ., Vp 1, Ugp; V], Vg, - -+, Vg 1, Vg3 UL, Uy, o ooy Usyy 1, Usy

V3 = {wy,wy, ... y Was 21, 225 - -+ 5 2q; U2p, U2p—1, - - - , Vg, U3, Vo, Ut }.

1) c(us ¢(uzp- 1)( ) o(2g) C(Zl)

c(u

c(y1) c(y2);
: } i N 7 / /
Y1 Y2 1w Uy U2p—1 qu‘ Zq Rl | Uy, Uy 1 U uy L Ya Ys Ya Y1

0(3170)3CO

] : . :
Ty Xz . V1 Uz U2p—1 U2p, Wq W1, Uy, Uy, g vy V] L Ty Tz Ty T

) eaaelin) ) o) Qo) ) ) el )

Figure 2: A nearly antipodal coloring for P,(n =2k + 1 > 13)

Similar to the proof of the case n being even, we can show that the assertion
2 in Theorem 2 holds.
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4 Some examples

Example 1. A nearly antipodal coloring ¢ for Py with ac(c)
(") =8 — 8]+ 7= ("%7) + 1 =29 (see Figure 3).

5 12 25 18 1 8 22 13 4

! ! ! ! ! !
xl Ty T3 T2 T Y1 Y2 Ys Yo Yy

Figure 3: A nearly antipodal coloring for Py

Example 2. A nearly antipodal coloring ¢ for Psy with ac’(c) = (322_ 2) —247=
(*%,%) — 9 = 426 (see Figure 4).
Here n = 2k = 10+ 2(4p + q) = 32, then kK = 16, p = 2 and ¢ = 3.

| 426 380 » 342 311 280 . :

30 95 169 251 1225 194 147 116, 77 46 15
Y1 Y2, w1 Uz Uz Usl Z3 Z2 21w uy o ouh U ys  Ys Yy
T T2l v vy vs vl wy wy W | vy v vy, v i

1 62 131 209 ! 236 185 154 111:. 80 45 16

: 402 360 ;295 326 267 . :

Figure 4: A nearly antipodal coloring for Ps,
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Example 3. A nearly antipodal coloring ¢ for P35 with ac’(c) =
(872) — 131 _ 13| 4 g (13-2) 4 | = 56 (see Figure 5).

6 19 30 50 39 12 1 24 45 33 17 6

/ / / / / / /
Ty Ty X3 Xy T2 1 To Y1 Y2y, Yz Y Ui

Figure 5: A nearly antipodal coloring for Pj3

33—2) 33-1

Example 4. A nearly antipodal coloring ¢ for P33 with ac’(c) = (* -

8 = (332_2) — 8 = 457 (see Figure 6).
Here n =2k +1 =134 2(4p + q) = 33, then k = 16, p = 2 and ¢ = 2.

| 457 411 373 340 . :
64 136 218 308 ! 1279 246 193 160115 83 47 16
) Y1 Y2 up  uz U U4§ Z2 21 uy uy o ouh o ou T oh ¥ o
Lo
1 T2 . V1 V2 Vs Vg, W2 w1, vy vy vy, vV xy <zt zf
32 99 176 262 : 1292 235 202 153120 80 49 16
1 433 391 | 356 325 . :

Figure 6: A nearly antipodal coloring for Ps3
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