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1 Basic concepts

The concepts of Radio k-colorings:

Radio k-coloring can be regarded as a generalization of ordinary coloring
of graphs, which were motivated by (FM Radio) Channel Assignments Problem
(see [V, 10]) and introduced by Chartrand, Erwin, Harary and Zhang [!]. Usu-
ally, for avoiding interference, FM stations located within a certain proximity
of one another must be assigned distinct channels, and the nearer two stations
are to each other, the greater the differences in their assigned channels must be.
For a set of given stations, the task is that how to allocate channels (positive
integers) to stations, so that interference is prohibited, and the span of channels
allocated 1s minimized. Then the concept of radio k-coloring presents a model

for the above problem.
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For a connected graph G of order n and diameter d and a integer k£ with
1 < k < d, aradio k-coloring of G is a function

c:V(G) — N,
such that
d(u,v) + |c(u) —c(v)| > k+1

for every pair u and v of distinct vertices of (G, where d(u,v) denotes the dis-

tance between v and v (the length of a shortest u — v path) in G.

Clearly, radio 1-colorings and ordinary colorings are synonymous.

The value rcy(c) of a radio k-coloring ¢ of GG is the maximum color assigned
to a vertex of Gi; while the radio k-chromatic number rci(G) of G is min{rcg(c)}

taken over all £-colorings of G.
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In particular, radio d-coloring is referred to as radio labeling, and the radio

d-chromatic number 1s called the radio number.

Basic concepts

Main results

It is easy to see that in a radio d-coloring of a connected graph, the colors The pseudo greedy ..
. . . N . The rationality of the . . .
assigned to adjacent vertices must differ by at least d, the colors assigned to two Some examples

Reference

vertices whose distance is 2 must differ by at least d — 1, and so on, up to the

vertices whose distance is d, that is, antipodal vertices, whose colors are only
required to be different. EE

Radio (d — 1)-coloring is referred to as radio antipodal coloring or, more
simply, as an antipodal coloring, and the radio (d — 1)-chromatic number is
called the antipodal chromatic number, denoted by ac(G).

Es5mfo0n
Note that in a antipodal coloring of G, it is possible for two vertices u and e
v to be colored the same, but only if they are antipodal, that is, d(u,v) =diam Py

(G) =d. x|
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Radio k-coloring and radio labeling of graphs were studied in [ !, ?], radio

antipodal coloring of paths were studied in [3, 4].

The concept of hamiltonian coloring:

The concept of hamiltonian coloring was inspired by antipodal coloring of
path, and was introduced by Chartrand, Nebesky and Zhang [5].

For vertices v and v in a connected graph G, let D(u,v) denote the length
of a longest u — v path in GG. Thus for every connected graph G of order n and
diameter d, both d(u,v) and D(u,v) are metric on V(G). Note that if G is a
path, then

d(u,v) + |e(u) = c(v)| = d (1)

is equivalent to
D(u,v) + |e(u) = c(v)] 2 n -1, (2)

which suggests an extension of the coloring c that satisfies (2) for an arbitrary

connected graph G.
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A hamiltonian coloring of a connected graph G is an assignment c of colors

(positive integers) to the vertices of G such that
D(u,v) + |c(u) —c(v)| >n—1

for every two distinct vertices v and v of G, where D(u,v) is the length of a
longest u — v path in G and n is the order of GG. The value hc(c) of a hamiltonian
coloring ¢ is the maximum color assigned to a vertex of G. The hamiltonian
chromatic number hc(G) of G is min{hc(c)} taken over all hamiltonian color-
ings c of G.

Since D(u,v) = d(u,v) and d =diam (G) = n — 1 for paths P,, therefore it
holds that he(F,) =ac(P,).
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2 Main results

Basic concepts

Hamiltonian coloring for some classes of graphs were studied in [5, 6, 7, &]. Viain results
The pseudo greedy. ..

For he(P,) =ac(P,), in [3], Chartrand, Erwin and Zhang showed that o ;azz{:’:ge‘;””e
Reference

Theorem 1([3]). For every positive integer n > 1, hc(P,) =ac(P,) < (";1)+1.

5 (8] £ 7T |

In [3], Chartrand, Erwin and Zhang have shown that the equality holds in i

v

i

Theorem 1 for 1 < n < 6. At the same time they posed a conjecture as follows.

Fem#toaom

44 »»
Conjecture 1 ([*]). For every positive integer n, ac(P,) = (”;1) - L « |
Fom#nR|

In [4], Chartrand, Nebesky and Zhang disprove Conjecture 1 for all odd

B[
integers n > 9, they showed that
2RET
Theorem 2([/]). For all odd integers n > 7, ac(P,) < (”;1) —lid xm |

B
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As he(P,) =ac(P,), from Theorem 1 and Theorem 2, Chartrand, Nebesky

and Zhang presented a upper bound for the hamiltonian chromatic number of

Basic concepts

paths P, as follows. Main resuts
The pseudo greedy. ..
o . . -1 e rationality of the . ...
Theorem 3([5]). For every positive integer n, hc(P,) =ac(P,) < (",7) + L. .
Furthermore, for all odd integers n > 7, he(P,) =ac(P,) < (”;1) — iy Azt
In this paper we will introduce a pseudo greedy algorithm for hamiltonian EE
coloring for P, and by this algorithm, we will show that 8 R

Theorem 4. For all even integers n > 10, hc(P,) =ac(F,)

KIS
R 2] 6. KRN
#om#27 |

IA

Fom#Lan
Clearly, for all even integers n > 10, it holds that —5 — L%J +6 <0, so & m
Theorem 4 provides an improved upper bound for hamiltonian (antipodal) of eRER
P,,, and disproves Conjecture 1 for all even integers n > 10. xm |
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3 The pseudo greedy algorithm

For P,, let n = 2k 1s even and n > 10. Write

V(P,) = {v1,v9,...,v,}(see Figurel).

Basic concepts
Fori = 1,2,...,n,let p(¢) denote the subscript of the vertex v,; that we shall Main results

The pseudo greedy. ..
color it at the ith time, and h(7) denote the color that we shall assign to the vertex The rationality of he ...

Some examples
vp(i) at the sth time. Let C(vp(i)) = h(l), = 1, 2, 50 0 o M At ﬁI'St, we use the color Reference

h(1) = 1 to color a vertex v}y, where v,,;) is one of central vertices of P,, say

Up(1) = V. EE

¥r R T
TR .. h(2)
Vzi11 Vzl v%+2 ............. Upn—2 Un—1 Un —l« —l»
'U% U%—l 'U%—Z U3 Vo U1 —l‘ —lb
AR h(3) g@rwﬁ#zoﬂ
& m
Figure 1: The pseudo greedy algorithm for hamiltonian coloring for P, (n = 2k > 10)
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Suppose that for 1 < ¢ < n—1 the vertices in {v,1), Up(2), - - -, Upi)} C V()

Basic concepts

have been colored with c(v,;) = h(l) for all 1 < [ < 4, then we choose Main resutts
. . The pseudo greedy. ..
a color h(i + 1) € N as small as possible to color one vertex v,i1) € T

V(Pn)\{vp(l), Up(Q), c ey Up(i)}? SUCh that Some examples

d(Vp(it1), Vp)) T1c(Vpiigr)) —c(vp@))| = [p(i+1)—p()|+(R(i+1)=h(l)) = n—1
wE E R |

forall 1 <[ <. And if there are two value for p(¢ + 1) can be chosen, then we =

v

i

take p(i+1) satisfying the condition that v, 1) close to central vertices of I, as
near as possible. Finally, we obtain that hc(c) = h(n) and hence he(FP,) <hc(c).

Ermftoon
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Based on the above idea, we provide the pseudo greedy algorithm for hamil- E @
tonian coloring for P, as follows. Py
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Initialization: Put: := 0; A := &;
Step 1: Let p(1) = §; h(1) = 1.

Basic concepts

Step 2: Leti =i+ 1; A:= AU{p(i)}; t = h(i) + 1;if i > n, then go to Main resuts
The pseudo greedy . ..
Step 9 ThefationaliZ/ of tf}lle...
Some examples
Step 3: If p(i) < §, then go to Step 4 else go to Step 8. Reference
Step 4: For j = p(i) + 1 to n (with step length 4+1) and j ¢ A do Step 5.
Step 5: If {|j — p(3)| + (t — h(3)) > n — 1 and |j — p(i — 1)| + (t — h(i — 1)) —I’ﬁ_’“"
> n — 1}, then go to Step 6 else go to Step 7. mEZ
44 »»
Step 6: Let p(i + 1) := j; h(i + 1) :=t; go to Step 2.
[
Step 7: Lett :=t + 1; go to Step 3. #om ]
Step 8: For j = p(¢) — 1 to 1 (with step length —1) and 7 ¢ A do Step 5. T
Step 9. For i = 1 to n output p(i) and h(7). I TT
Step 10: Stop. % m |
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4 The rationality of the pseudo greedy al-
gorithm and the Sketch of the proof

Main results

The pseudo greedy. ..
To show the rationality of the pseudo greedy algorithm for hamiltonian The rationaliy of the..
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coloring for F,, we only need to prove that ¢ : c(vy;)) = h(z) ¢ = 1,2,...,n) Feference

is a hamiltonian coloring for F,. Since that for any 1 < 7 < 7 < n,

A0y, Up(0) + e(0p) = evp)]| = [p(G) — p(0)| + (h(G) — h(i)), it suffices
to prove the following proposition.

ol
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Proposition 1. Forany 1 <i < j < n, |p(j) — p(Q)| + (h(j) — h(i)) > n — 1.

By Proposition 1, we know that ¢ : c(v,;) = h(i) i = 1,2,...,n)is a ahidaiLi
hamiltonian coloring for P,,. Then hc(P,)=ac(P,) < ¢(P,) = h(n). Thus, we
only need to show that h(n) = C2_; — 2 — | 12| + 6 holds for all even integers

n = 10. EEX N

B
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From the results output by computer, we find that

h(i+1)—h()+ [pli+1) —p@l)| = n—1, i€ {1,2,...,n—1}\{2,6},
h(i+1)—h(i)+ [p(i +1) — p(i)] = n, i €{2,6}.

Then we have

h(n) = h(1)+2n+(n=3)(n—1) = » (Ip(i +1) = p()])

Firstly, we let n > 12 and write n = 2k = 10 + 2(4r + s), where r =
0,1,2,...,s=1,2,3,4. Then, by some detailed analysis, we can find that

n—1
> (Ipli +1) = p(i)]) = 01+ 02+ 03 + 04,
i=1
where A
o1 =) (Ip(i +1) — p(i)]) = 12k — 12,
i=1
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09 = Qrz_l[ 3 (lp(104+ 3¢ + j) — p(10 4+ 3i + j — 1)|)] = 2r(4k — 2r — 9),

i=0 j=1
2s5—1
o3 = Y (Ip(10 + 67+ +1) — p(10 + 6r +)|) = 2s(k — 1) — 1,
227’:—01 Basic concepts
04 = Z (‘p(lO"‘GT"’QS"‘Z"‘ 1) _p(10—|—67"—|—28—|—’[,)|) = 27‘(]{—3—27‘). Main results
- The pseudo greedy ...
R The fationaliZ/ of tf}lle. ..
Therefore 3 Some examples

Reference

h(n) = n®—2n+44— (01 + 09+ 03 + 04)

= n* —2n+4 — [(12k — 12) + 2r(4k — 2r — 9) G
+(2s(k —1) — 1) 4+ 2r(k — s — 2r)] r A
—, . 2n + 7 RS
 n 10 _ | >
= Cor - 2 LXJ & FisH#207|
Secondly, if n = 2k = 10, in the above proof we take » = 0 and s = 0. Then 2
by (1) and (2) he(Pyg)=ac(Pio) < ¢(Pro) = h(10) = h(1) +2 x 10 + 7(10 — 2FET
1) —o1lp=s = 1+83— (12x 5—12) =36 = C%_,; — ¥ — | 1o + 6. Thus, for x|

all even integers n > 10, he(P,) =ac(P,) < C?_, — 2 — |[] 1+ 6. B
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9 Some examples

Example 1. A hamiltonian (antipodal) coloring ¢ for Pyy with hc(c) =ac(c) =

C3_1 — 4 — 18] + 6 = 36 (see Figure 2).

10 27 17 5

pl(]?i) p(UfO) p(qéﬁ pl(%) p(v215)

p%) p(gz p(gg pgg) p(gl)

1 22 31 15

Figure 2: A hamiltonian (antipodal) coloring for P

Example 2. A hamiltonian (antipodal) coloring ¢ for Pys with hc(c) =ac(c) =
C%_; — 2 + 6 = 343 (see Figure 3).
Here n = 2k = 104+ 2(4r +s) = 28, then k = 14,7 = 2 and s = 1.

28 90 [343] 162 303 242:271:216 187 140 111:72 44 14

V15 U1g: U1z Vig. VUig  Ugg .« U1 .+ Vg Va3  Uzqg Uzs . Ugg Uy  Uag
(4)p(10)p(28) p(16) p(26) p(22)p(31)p(20) p(18) p(10) p(12) p(8) p(6) p(2)
1) p(7) p(13)p(27) p(19)p(25)p(23)p(21) p(17)p(15)p(11). p(9) p(5) p(3
glelpgjl)Zi :pq(JIQ )pg)ll )pg)lo)p(UQ ):p<U8 ):p(‘J? )p(UG )p(US )p('U4 ): pqgii) p1g2) p'gl)

1 58 '125 322 201 286257228 177 148 105' 76 42 15

B

Figure 3: A hamiltonian (antipodal) coloring for Psg
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Example 3. A hamiltonian (antipodal) coloring ¢ for Psy with hc(c) =ac(c) =
C%,_; — 2 + 6 = 455 (see Figure 4).
Here n = 2k = 10 + 2(4r + s) = 32, then k = 16, r = 2 and s = 3.

Basic concepts

Main results

The pseudo greedy. ..
32 102{445] 182 407 270367 334 301:242 209 158 125! 82 50 16 The rationailty of the ...
: : : ! Some examples

V17 U1 U1 Voo V21 U2 .+ U2 Vo4 = V25 + U Vo7  V2g V29 .« Uzg. U31. U322
p(4p(103p(32)p(16)p(30)p(22)p(38)p(36)p(21)p (20)p (1R)p(TA)p(12) p(8) p(6) p(2)

D p(7) p(13)p(31)p(19)p(29)p(25)p(27)p(23)p(21)p(17)p(15)p(11) p(9) p(5) p(3
p(U1>6p(U1?’)]p 14 )p 13 )p 12 )p 11 )]p 10 )ng)Q )ng)S ):p<U7 )p<l~)6 )p<U5 )p<v4 )]p'g?)) p'L(72> p'gl>

1 66 '141 430 225 386317 350 287254 199 166 119’ 86 48 17 CER

ol
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Figure 4: A hamiltonian (antipodal) coloring for Ps,
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