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Introduction

)

)

G(V, E): agraph allows multiple edges but no loops and has a finite vertex
set V and a finite and nonempty edge set E.

Degree and the minimum degree

d(v): the number of edges of G incident with vertex v.

0 =min{d(v): v € V}

E(u, v): the set of edges with end vertices u and v.

the multiplicity :

w(u, v) = |E(u, v)|

w(v) = max{p(v,u) :ue V}

w(G) = max{p(v) : v € V(G)}.

The reader is referred to [1] for the undefined terms.
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& Cis a k-edge-coloring of G: if C: E — {1,2,...,k}.

& C,'(i): the number of edges of G incident with vertex v that receive color
i by the coloring C.

& Assume that a positive integer f(v) with 1 < f(v) < d(v) is associated
with each vertex v € V.
C is an f-edge cover-coloring of G: if for each vertex v € V, C;}(i) > f(v)
fori=1,2,..., k.

& the f-edge cover chromatic index of G denoted by X'fC(G): the maximum
positive integer k for which an f-edge cover k-edge coloring of G exists.

© When f(v) =1 for all v € V, the f-edge cover-coloring is called edge-
cover coloring. Accordingly the f-edge cover chromatic index is called the

edge cover chromatic index denoted by X;(G).
O Let 6 = min{|d(v)/f(v)] : v € V}. It s trivial that X;C(G) < 6.
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O Gupta proved that §(G) — u(G < X/C(G) < 0(G) for any graph[2].

O Lianying Miao and Guizhen Liu, Edge covered coloring and fractional edge

covered coloring [3].
O Hilton gave some special results on edge cover coloring of multigraphs [4].

Q In [5] the generalization of edge coloring is discussed. We will use some
results in [5] for our proofs.

O Hilton and de Werra studied the equitable edge colorings of simple graphs

[6].

On f-Edge Cover-Coloring of Graphs



Introduction

O We present two interesting special cases for which xlfc(G) = dr.

¥ We show that min{|d(v)/f(v)]} = Xw(G) > min{[(d(v) —u(v))/f(v)]},
which reduces to Gupta's theorem when f(v) =1 for all vertex v € V.
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The analysis of two special cases

Let E(i) = {e € E: C(e) = i}. Let G(u;i,j) be the components of the edge
induced subgraph of G on E(i) U E(j) which contains u.

Lemma

Lemma 2.1 Let G(V, E) be a connected graph. Then G has a 2-edge-coloring
C such that:

(a) If G is Eulerian and |E| is odd, then we can make the 2-edge-coloring C such
that for an arbitrary u € V, |C;(1) — C;1(2)| =2 and C;1(1) — C1(2) =0
for allv e V\ {u}.

(b) If G is Eulerian and |E| is even, then C, (1) — C;*(2) =0 forall v € V.
(c) If G is not Eulerian, then |C;'(1) — G, 1(2)| < 1 forallveE V.

(d) In all cases, we have

0,if |E| is even

[ = 1E@) 1= { L 1E| & ot
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The analysis of two special cases

Lemma

Lemma 2.2 Let k be an integer which is larger than 1. Then there exists a
k-edge-coloring C of G such that

(a) |C7Hi) = Cr(j) <2 forallve V, i je{1,2,...,k}, and furthermore if
for some u € V, i,j € {1,2,...,k}, |C;1(I) — C;*(j)| = 2, then G(u;i,j) is
Eulerian with an odd number of edges, and

(B |[EG)| = |EG)| IS 1 foralli and j € {1,2,...,k}.

OThe above two lemmas are proved in [5] which are important for our proofs.
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The analysis of two special cases

Applying Lemmas 2.1 and 2.2, we can evaluate edge cover chromatic index

for bipartite graphs.

Theorem 2.3 Let G(V, E) be a bipartite graph and 6 = min{|d(v)/f(v)] :
v € V}. Then x1(G) = &¢. Furthermore if 5 = k > 2, there exists an f-edge
cover-coloring C of G for which ||E(i)] — |E(j)|| £ 1 and |C,1(i) — C1(j)| £ 1
forallveV,ije{1,2,... k}.

Qldea. We first give one kind of coloring with the condition subscribed in Lemma

2.2, then prove the coloring is required.
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The analysis of two special cases

Let G(V,E) be a graph. By an orientation of G, we mean a digraph 6
obtained from G by assigning a direction to each edge of G. By d*(v) and
d~(v), we mean the indegree and outdegree of vertex v in E) respectively.
Note that d*(v) + d~(v) = d(v) for every v € V.

=
Lemma 2.4 There exists an orientation G of G such that

L@J <dt(v) < [@] for eachv e V.
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The analysis of two special cases

Using the above lemma, we give the following theorem.

Theorem
Theorem 2.5 Let G(V/, E) be a graph and x7.(G), d(v) and f(v) be defined as
above. Suppose that f(v) > 1 for all v € V and let

57 = minfmin([| 9 T8 ), 0Dy 100Dy pyy

Then x4 (G) > 4.

Corollary
Corollary 2.6 Let G(V,E) be a graph. If f(v) > 1 for all v € V, then
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The analysis of two special cases

Corollary 2.7 If f(v) is positive and even for all v € V(G), then xx(G) = &r =
min{|d(v)/f(v)] |v € V}.

QSuppose that we could find an orientation E) of G such that for some pos-
itive integer k and each v € V, k|[f(v)/2] < min{d~(v),d"(v)} < d(v) —
k[f(v)/2]. Then , following the same reasoning as in Theorem 2.5, one can
show that x%(G) > k.
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A bound of f-ed

Theorem 3.1 Let G(V/, E) be a graph. Let f(v), d(v), and u(v) be defined as
in Section 1. Then

min{ [d(v)/F()]} > xe(G) > min{L(d(v) — u(v))/F(¥)]}.

Qldea.Assume that G has an edge-coloring C with k colors 1,2, ..., k. For each
veVand1<i<k,let

© k= minyev{[(d(v) — u(v))/f(v)]}-
Q ai(v) = max(0, f(v) — C,1(i))

O e(v) = max ai(v)
Q o(v) = i:Zk:la,-(v).
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A bound of f-ed

In order to 'improve’ the coloring of an edge-colored graph, we shall use the
concept of an exchange chain.

An (a, B)-exchange chain K of G is a sequence (vo, €1, Vi, €, ..., Vr—1, €, Vi)
of vertices and edges of G in which
(i) for 1 < i < r, the vertices v;—1 and v; are distinct and are both incident with
the edge e/,
(ii) the edges are all distinct and are colored « and 3 alternately,
(iii) e is colored av and C;*' () > C,,'(B); similarly, let v denote the color of e,
and 5 denote the other color of {a, 8}, then C,”'(v) > C, }(%).
Qlt is clear, however, that an interchange of colors in an exchange chain never

makes the coloring worse.
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Let G(V, E) be a graph and f(v) be defined as before. An f-edge cover equitable
coloring is an edge coloring C : E — {1,2,..., k} such that every color appears
at each vertex v at least f(v) times, and |C, (i) — C,1(j)] < 1 for every
i,j €{1,2,...,k}. The maximum number k for which an f-edge cover equitable
coloring exists, denoted by qf.(G), is called equitable f-edge cover chromatic
index of G. Obviously, g/.(G) < x%(G).

From Theorem 2.3, we have the following corollary.

Let G(V, E) be a bipartite graph, we have q;.(G) = x#(G).
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Finally we present some problems for future research as follows.
& For some special class of graph G, define g¢.(G) and x7(G).
& Characterizes graph G such that g (G) = x%(G).

& Characterizes graph G such that gi.(G) = dr or x%(G) = é¢.

& Does ¢ > qi.(G) > mel\r){L(d(v) — p(v))/f(v)]} stand true for any graph
G?
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