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½½½ÂÂÂ

k¨éã: �|G| ≥ 2k§XJé?Û2k�ØÓ:x1, x2, . . . , xk, y1, y2, . . . , yk,

G¥kk^:Ø��´P1, P2, . . . , Pk§¦�Pië�xiÚyi§KãG�k¨éã.

�(m1, m2, . . . ,mk)¨éã: XJþã½Â¥�´�÷v

l(Pi) ≡ di modulo mi, i = 1, 2, . . . , k

Ù¥d1, d2, . . . , dk´?¿k��½��ê§K¡G��(m1, m2, . . . ,mk)¨éã.

AO�m1 = · · · = mk = 2�§¡G�Ûók¨éã (k-pariety-linked graph).
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1967c§Í¶ãØ;[W. Madery²�3��¼êh(r)¦z��²þÝ��

�h(r)�ãÑ�¹Kr��ÙÿÀÏf. |^T(J§H. A. Jung±9D. G.

LarmanÚP. ManiÕáy²
�3¼êf (k)¦z��f (k)-ëÏãÑ´k-linked

ã. 1996c§Í¶êÆ[B. BollobUsÚA. Thomasonuy�^��÷v^

�2δ(H) ≥ |H| + 4k − 2�È�ãÏfH�OÿÀãÏfK3k§y²
z��

22k-ëÏãÑ´k-linkedã. 2005c§Í¶êÆ[R. ThomasÚP. Wollanò

T(JU?�z��10k-ëÏãÑ´k-linkedã.

½n1 (R. Thomas, P. Wollan§2005)

�G´>ê���5k|V (G)|�2k¨ëÏã§KG�k¨éã.
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�d�'§ã��linkage���´¯õÍ¶Æö'5�¯K.

½n2 (Bollobás, London Math. Soc. 1977)

é?Ûg,êmÚd§z��>ê���(m+1)m−1
m · |G|�ã�¹��3�me

�Ý�2d��.

½n3 (C. Thomassen, JGT 1983)

3^�δ(G) ≥ 4d(m + 1)e§½n2¤á.

½n4 (C. Thomassen, JGT 1983)

éu?¿g,êkÚp§o�3X��g,êγ(k, p)¦�?¿�γ(k, p)¨ë

ÏãGäkXe5�µé?¿dg,ê|¤�k�|(m1,m2,· · · , mk)(Ù¥z

�mi�Ûê��up)§G��(m1, m2, . . . ,mk)¨éã.
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½n4�y²�{µã�©)

½n4�y²¥�Ñ�γ(k, p)�.µ

ξ2ξ · 2ξ2ξ · 22ξ2ξ

· · ·︸ ︷︷ ︸
s2(2t+1)2t+1−s2g

Ù¥s´��¿©�ukÚp��ê§t = p!, ξ := ξ(s2(2t + 1)t)÷vµz���

�g���ξ�ã�¹Ks2(2t+1)t,s2(2t+1)t �÷vÛó´�^��[©.

·�y²�5ëÏÝ��yþã½n¥(Ø¤á.

½nA �m1, m2, . . . ,mk �Ûê§Kz��max{14(m1 + m2 + · · · + mk)−

4k, 6(m1 + m2 + · · · + mk)− 4k + 36}-ëÏãÑ´�(m1, m2, . . . ,mk)-éã.

���ÜãL²þã½n¥miþ�Ûê�^�´7��.
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½Âµü©ê

bi(G) = min {|X| : X ⊆ V (G), G−X �ü©ã}

½n5 (Thomassen, Combinatorica 2001)

éu?¿��êk§z��ü©ê���4k−3�2327k
¨ëÏãÑ´Ûó¨k¨

éã.

5µ½n5¥'uü©ê�.4k − 3´�Ð�U�, Thomassenß�3�5ëÏ

Ý^�e½n5�,¤á.

½n6 (Kawarabayashi, Reed 2005)

éu?¿��êk§z��ü©ê���4k − 3�50k¨ëÏãÑ´Ûó¨k¨

éã
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½nB �m1, m2, . . . ,mk�k�g,ê§Ù¥mi(i ∈ [` + 1, k])�Ûê. X

JG�45(m1 + · · · + mk)-ëÏã¿�bi(G) ≥ 2k + 2`− 3 + δ(m1, . . . ,m`),KG

��(m′
1, m

′
2, . . . ,m

′
k)-éã§Ù¥

m′
i :=

{
2mi, XJ1 ≤ i ≤ `
mi, XJ` + 1 ≤ i ≤ k.

δ(m1, . . . ,m`) :=

{
0, XJmin{m1, . . . ,m`} = 1
1, XJmin{m1, . . . ,m`} ≥ 2.

íØ1 é?¿��êk§z��ü©ê���4k − 3�45k¨ëÏãÑ´Û

ó¨k¨éã.

w,§íØ1U?
½n5Ú½n6.
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5µ ½nB¥^�bi(G) ≥ 2k + 2`− 3 + δ(m1, . . . ,m`)´�Ð�U�:

(1)�min{m1, . . . ,m`} ≥ 2. �Ä

G := (K2k ∪Kt) + (K2`−1 ∪Kt),

´�bi(G) = 2k + 2`− 3. �K2k�º:8Ü�X := {x1, y1, . . . , xk, yk}§KG¥

Ø�3:Ø��´P1[x1, y1], P2[x2, y2], . . ., Pk[xk, yk]¦

`(Pi) ≡ 3 mod 2mi, ∀ i ∈ [1, `].

¤±GØ´(m′
1, m

′
2, . . . ,m

′
k)-éã.

(2)�min{m1, . . . ,m`} = 1. �Ä

H := G− {x1y1, x2y2, . . . , xkyk}.

´�bi(H) = 2k + 2`− 4,�H¥Ø�3:Ø��´P1[x1, y1], . . ., Pk[xk, yk]¦

`(Pi) ≡ 1 mod 2mi, ∀ i ∈ [1, `].

¤±H Ø´(m′
1, m

′
2, . . . ,m

′
k)-éã.
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y²�Ä�g�µ

(i) ^�aAÏ�´(��O½n4y²¥Ñy���ü©ã�[©

(ii) ^�m��þ�{aL«Ù¤k�{a

Ún1 (Erdős and Heilbronn) �p´�ê§a1, a2, · · · , ak 3�pepØ�Ó

�Ø�u0. XJk ≥ 3
√

6p§K

Z/(p) = {0, a1} + {0, a2} + · · · + {0, ak} mod p

Ún2 (Olson) �p´�ê§a1, a2, · · · , ap−13�pe�"§K

Z/(p) = {0, a1} + {0, a2} + · · · + {0, ap−1} mod p

Ún3 �m ≥ 2���ê§A1, ..., Am−1´Z�¹0��f8. XJém�z

���ÏfpÚ¤k�i ∈ [1, m− 1]Ñ�3��ai ∈ Ai¦p 6 |ai,K

Z/(m) = A1 + · · · + Am−1 mod m.
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Ún4 �m ≥ 3�Ûê§R := u1v1w1z1u2v2w2z2 · · ·um−1vm−1wm−1zm−1um

�G¥��^´. XJ�3G¥:Ø��´P1, P2, . . . , Pm−1, Q1, Q2, . . . , Qm−1

¦�é¤k�i = 1, 2, . . . ,m− 1Ñk

V (Pi) ∩ V (R) = {ui, wi}, V (Qi) ∩ V (R) = {vi, zi}

Ké?Û�êd�3G¥ë�u1Úum�´Rd¦�`(Rd) ≡ d mod m.

5µ�âÚn4§�m�Ûê�§�
��ë�x1Úy1�3�me�Ý�d�

´,·��I�(2m− 1)-linkage. dd��½nA�y².

r r r r r . . .. . . r r r r r r
x1 u1

v1

w1

z1
um−1

r vm−1

wm−1

zm−1

um wm y1

P1 Pm−1 Pm

Q1 Qm−1
G-
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Ún5 �m ≥ 2�óê§G�ü©ã§K3Ún2�^�e�3G¥ë�

u1Úum�´Rd¦�`(Rd) ≡ 2d mod m.

5µ�âÚn5§�m�óê�§·��æ^eã�ª��ë�x1Úy1�3

�me�Ý�d�´:

(i) é��linkagev
p�ü©ãK¶

(ii)éë�{x1, y1}ÚK�Õá´W1, W
′
1§±9�W1, W

′
1SÜ:Ø��Ûó

��´(Parity-breaking-Path)P1;

(iii)|^Ûó��´ÀJ�^�dÛó5�Ó�(x1, y1)-´R;

(iv)|^Ún5���^3�me�Ý�d�(x1, y1)-´.

Ûó��´: éuü©ãK§XJP�KSÜ:Ø�§�K ∪ P¹Û�§

K¡P�G'uK��^Ûó��´.
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