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GRAPHS ARE FINITE AND LOOPLESS.

A GRAPHISCLAW-FREEIF IT HAS NO INDUCEDSUBGRAPH~ K1,3.

A CONNECTED GRAPH G IS EULERIAN IF EVERY VERTEX OF G HAS EVEN

DEGREE.

A EULERIAN SUBGRAPH H OF G IS A DOMINATING EULERIAN SUB-

GRAPH OF G IF EACH EDGE OF G HAS AT LEAST ONE END ON H.

A GRAPH G IS SUPEREULERIAN IF G HAS A SPANNINGEULERIANSUB-

GRAPH.

A GRAPHISHAMILTONIAN IF IT HASA SPANNINGEULERIANSUBGRAPHH

WITH /:1(H)= 2.

LET G BE A GRAPH WITH E(G) -10. THE LINE GRAPH OF G, WRITTEN L(G),

HAS E(G) AS ITS VERTEX SET, WHERE TWO VERTICES ARE ADJACENT IN L(G)

IF AND ONLY IF THE CORRESPONDING EDGESARE ADJACENT IN G.

K2,3

e6 B
e3 e6

L(K2,3)
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THEOREM A (Harary and Nash-Williams 1965).

L(G) IS HAMilTONIAN ~ G HASA DOMINATINGEUlERIAN SUBGRAPHOR G

IS ISOMORPHIC TO K1,s FOR SOME s ~ 3.

CONJECTURE B (Matthews and Sumner (1984)).

EVERY 4-CONNECTED CLAW FREE GRAPH IS HAMilTONIAN.

CONJECTURE C (Thomassen (1986)).

EVERY4-CONNECTEDLINEGRAPHISHAMilTONIAN.

THEOREM D (Ryjacek (1997)). THESE TWO CONJECTURESARE EQUIVALENT.

3



MAIN RESULT

A GRAPHG ISESSENTIALLYK-EDGE-CONNECTEDIF FORANY X ~ V(G) WITH

IXI < K, AT MOST ONE COMPONENTOF G - X HAS EDGES.

Figure 1

THEOREM 1. IF G IS AN ESSENTIAL4-EDGE-CONNECTEDCLAW-FREESIM-

PLE GRAPHWITH 5(G) 2: 3. THEN G HASAN SPANNINGEULERIANSUBGRAPH

H WITH ~(G) :S;4.

THEOREM 2. IF G IS A CLAW-FREE SUPEREULERIAN GRAPH THEN G HAS A

SPANNING EULERIAN SUBGRAPH H WITH ~(H) :S;4.
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COLLAPSIBLE GRAPHS

FOR A GRAPH G, LET O(G) DENOTE THE SET OF VERTICES OF ODD DEGREE

IN G. A GRAPH G IS CALLED COLLAPSIBLE IF FOR EVERY EVEN SUBSET X

OF V(G) THEREEXISTSA SPANNINGCONNECTEDSUBGRAPHHx OF G SUCH

THATO(Hx) = X.

LET G BE COLLAPSIBLE AND LET u, v BE TWO VERTICES OF G. LET X = {u, v}

IF u -::J v, AND X = 0, IF u = v. SINCEG IS COLLAPSIBLE,G HASA SPANNING

CONNECTED SUBGRAPH Hx SUCH THAT O(Hx) = X. THEN

IF X = 0, THEN Hx IS AN SPANNING EULERIAN SUBGRAPH.

IF X = {u, v}, THEN Hx HAS AN EULERIAN TRAIL STARTING FROM u AND END-

ING AT v.

IF H IS A CONNECTED SUBGRAPH OF G, THEN THE CONTRACTION G/H

IS OBTAINED FROM G BY CONTRACTING ALL EDGES OF H AND BY DELETING

ANY RESULTING LOOPS.

G G/H

H ==?
VH
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EXAMPLES OF COLLAPSIBLE GRAPHS:

1. C2 AND K3 = C3 (cycle of length 3) ARE COLLAPSIBLE.

2. THE FOLLOWING TWO GRAPHS ARE COLLAPSIBLE.

K4

a c

Figure 2

Ca

aAAd V

3. ALL COMPLETE GRAPHS Kn OF ORDER n ~ 3 ARE IN CL.

4. K3,3 - e IS COLLAPSIBLE, where e is an edge in K3,3.

5. GRAPHS IN FIGURE 3 ARE NOT COLLAPSIBLE, AND HAVE NO NON-TRIVIAL

COLLAPSIBLE SUBGRAPHS.

Kl,t

/!t:.t

K2,t

Figure3

Sm,l
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THEOREM E (CATLlN) LET G BE A GRAPH. LET H BE A COLLAPSIBLE SUB-

GRAPH OF Gr THEN G HAS A SPANNING EULERIAN SUBGRAPH IF AND ONLY IF

G/H HAS A SPANNING EULERIANSUBGRAPH.

ANY GRAPH HASA UNIQUE SET OF MAXIMAL COLLAPSIBLESUBGRAPHS(Catlin).

LET HI, H2, . . . , He BE THE MAXIMALCOLLAPSIBLESUBGRAPHSOF G. THE

REDUCTION OF G IS THE GRAPH G' OBTAINED FROM G BY CONTRACTING

EACH Hi TO A DISTINCT VERTEX Vi. A GRAPH G IS CALLED REDUCED IF G

IS A REDUCTION OF SOME GRAPH.

G

HI

G' = K2,3
V2

VI

G

HI

G' = C4

VI
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THEOREM F (Catlin 1988). LET C BE A GRAPHAND LET C' BE THE REDUC-

TION OF C. THEN EACHOF THE FOLLOWINGHOLDS:

1. C IS COLLAPSIBLEIF AND ONLYIF C' = Kl.

2. C HAS A SPANNING EULERIAN SUBGRAPH IF AND ONLY IF C' HAS A SPAN-

NING EULERIAN SUBGRAPH.

3. IF C' =JKl, C' ISK3-FREEAND WITH 5(C') ~ 3.

MAIN RESULT. LET C BE AN ESSENTIAL 4-EDGE-CONNECTED CLAW-FREE

SIMPLE GRAPH WITH 5(C) 2 3. THEN

1. C IS COLLAPSIBLE,AND

2. C HAS A SPANNING EULERIAN SUBGRAPH H WITH fl(H) ~ 4.

PROOF (OUTLINE). PROVE(1) FIRST

BY WAY OF CONTRADICTION,SUPPOSEC IS NOT COLLAPSIBLE.THEN THE

REDUCTIONC' =J Kl WITH 5(C') ~ 3. SINCE C IS ESSENTIALLY4-EDGE-

CONNECTEDAND 5(C) 2 3, 5(C') = 3. LET v BEA VERTEXIN C' WITH DEGREE

3. LET H BE THE PREIMAGE OF v IN C. THEN IV(H)I = 1. SINCEC IS CLAW-

FREE, TWO OF THE THREE EDGES INCIDENT WITH v WILL BE IN A TRIANGLE,

A CONTRADICTION, AND SO C IS COLLAPSIBLE.
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PROVE(2):

SINCEC IS COLLAPSIBLE,C HASSPANNINGEULERIANSUBGRAPHS.LET H BE

A SPANNINGEULERIANSUBGRAPHOFC WITH THE EDGESET jE(H) IAS SMALL

AS POSSIBLE.THEN ~(H) :::;4.

BY WAY OF CONTRADICTION, SUPPOSE THAT THERE IS A VERTEX v IN V(H)

SUCH THAT dH(v) = ~(H) ~ 6. THEN WE SHOW THAT WE CAN CONSTRUCT

A SPANNING EULERIAN SUBGRAPH FROM H WITH FEWER EDGES. THERE ARE

THREECASESHEREBY CONSIDERINGTHE COMPONENTSOF H - v.

CASE 1. ONE COMPONENT OF H -v HAS AT LEAST SIX VERTICES ADJACENT

TO v IN H.

FOR THIS CASE, WE FIRST SHOW THAT H CONTAINS A SUBGRAPH ISOMOR-

PHIC TO K4 OR Ca.

K4 Ca

b c

a~d

a c

Figure 4

THEN Hv = H - {vb, vc, be} IS A SPANNING EULERIAN SUBGRAPH WITH

FEWEREDGESTHAN H.
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CASE 2. ONE COMPONENT OF H - v HAS FOUR VERTICES ADJACENT TO v

INH.

NOTE THAT v IS A CUT~VERTEXIN THIS AND NEXT CASE. SINCE dH(v) 2:: 6 '/(f M >.,)-r

THEREAREAT LEASTTWOVERTICES,SAYUl ANDU2, ADJACENTTO v IN H.

LET {Vl, V2,V3,V4} BE THE SET OF THE FOUR VERTICES ADJACENT TO v IN H.

IF THERE ARE TWO VERTICES, SAY Vl AND V2, ARE NOT ADJACENT TO

EACH OTHER, THEN WE SHOW THAT EITHER Ho = H + U1Vl - {VU1,VV1} OR

Ho = H + U1V2- {VU1,VV2} IS A SPANNINGEULERIANSUBGRAPH OF G WITH

FEWER EDGES THAN H.

IF ANY TWO VERTICES IN {Vl, V2,V3,V4} ARE ADJACENT TO EACH OTHER IN

H, THEN Ho = H - {VV1,VV2,V1V2} IS A SPANNINGEULERIANSUBGRAPH OF G

WITH FEWER EDGES THAN H.
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CASE 3. EACHCOMPONENTOF H - v HAS EXACTLY TWO VERTICES ADJA-

CENT TO v IN H.
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THE RESULT IS BEST POSSIBLE IN THE FOLLOWING SENSE: LET G BE A

GRAPH OBTAINED FROM A PATH WITH LENGTH r ~ 3 BY REPLACING EACH

EDGE IN THE PATH BY A COMPLETE GRAPH OF ORDER 4. THEN G IS AN ES-

SENTIAL 4-EDGE-CONNECTED CLAW FREE GRAPH WITH 5(G) ~ 3. OBVIOUSLY,

G HAS NO SPANNING EULERIAN SUBGRAPH H WITH I::1(H)= 2.
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