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1 Definitions, Results and Conjectures

e The edge chromatic number x'(G) is the minimum number of col-
ors needed to color the edges of GG in such a way that no two adja-
cent edges are assigned the same color. Vizing’s theorem states that
for any graph G, A(G) < x'(G) < A(G) + 1. A graph G is class
one if X'(G) = A, and class two if X'(G) = A + 1.

Conjecture A. Every planar graph with A > 6 is class one.

e The total chromatic number of G, x"(G), is the smallest integer
k such that G has a total k-coloring. Behzad and Vizing posed
independently the famous conjecture:

Conjecture B. For any graph G, A(G) +1 < x"(G) < A(G) +2

e The linear arboricity la(G) of a graph G is the minimum number of
linear forests which partition the edges of G. Akiyama, Exoo and
Harary conjectured that la(G) = (%] for any regular graph G.
So the conjecture is equivalent to the following conjecture.

Conjecture C. For any graph G, | =5 297 < 1g(@) < (%]
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2 Some analogous results

Theorem 1 Let G be a planar graph having girth at least g and maximum de-
gree at least . Then

(1) X'(G) = A(G) if (A, 9) € {(7,3),(5,4), (4,5),(3,8)}.

(2) X"(G) < A(G) +2if A # 6. Moreover; ¥'(G) = A(G) + 1if (A, g) =
{(14,3), (12,3), (11,3),(10, 3)[2006, RE E1,(7,4), (5,5), (4,6), (3, 10)}.

(3) la(G) < [REHYA # 7, A = 7[2006, RE R, REX]). Moreover

(@) = [22 i (A, 9) = {(13,3),(11,3),(9,3),(7,4), (5,5), (3,6)}.

Similarly, there are some results on a graph which are embedded in a surface
of nonnegative characteristic (the plane, projective plane, torus or Klein bottle).
Some results are obtained for a graph embedded on a surface of Euler charac-
teristic € < 0, too. There are more general results.

e Any edge-coloring critical graph of order n and maximum degree A > 8
has the size at least 3(n + A — 8)[2002, FHiEZXR, RER).

e Let mad(G) = max{|E(H)|/|V(H)| : H is a nonempty subgraph of G
}. Then la(G) = [A(G)/2] if one of the following conditions holds: (a)
mad(G) < 2 and A(G) > 7; (b) mad(G) < 115/64 and A(G) > 5; (c)
mad(G) < 3/2 and A(G) > 3[2005, RER].

HARE
2RE
HIEHE
L IEK-TRE
HAFRE
RIAERE

=2RET

*x i

=
| » ]
RN
53331'#851'|

B[
epas |
T

E & |



Theorem 2 Let G be a connected planar graph such that G has no cycle of
length k, where k > 4. Then

(1) X(G) = AG) if (A k) € {(5,4), (5,5)[2006, RER,REX],(6,6)};
(2) X"(G) = A+ 1if A>Tand 4 < k < 6[2006, ZEHEZE).
(3) la(G) = [R9)] if A > Tand 4 < k < 6[2006, RER,REN FEEE]

Theorem 3 Let G be a planar graph such that G has no cycle of length from 4
to k, where k > 4. Then

(1) X'(G) = Aif (A k) € {(6,4),(5,5), (4,14)};
(2) X"(G) = A+ 1 (A k) € {(T7,4),(6,5),(5,7), (4,14)}.
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A graph is a series-parallel graph (K4-minor-free graph)if it contains no
subgraphs homeomorphic to /4. Duffin showed that a 2-connected graph can be
obtained from a K by repeatedly applying the following operation: inserting a
vertex into an edge (series) or duplicating an edge by a path of length 2 (parallel).

Theorem 4 Let G be a series-parallel graph. Then X' (G) = A(G), X"(G) =
A(G) + 1and la(G) < [REEL i A > 3

Since an outerplanar graph is also a series-parallel graph, the theorem is true for
any outerplanar graph.
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A graph G is said to be totally f- choosable if, whenever we give lists A, of
f(zx) colors to each element x € V E(G), there exists a proper total coloring of
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GG where each element is colored with a color from its own list. If f(x) = k rmE
for every element © € V E(G), we said G is totally k-choosable. The list total P
chromatic number X (G) is the smallest integer k£ such that G is totally k- e

choosable. The list edge chromatic number xy.,(G) of G is defined similarly
in terms of coloring edges alone, as well as the concept of edge f-choosable.

Conjecture D. For any graph G, (a) x}(G) = X'(G) and (b) x;,(G) =
X”<G)- 4 44

B R

The part (a) of the conjecture was independently posed by Vizing, by Gupta, iz
by Abertson and Collins, and by Bollobas and Harris, and is well known as the BoAH#T |
list edge coloring conjecture. Part (b) of the conjecture was posed by Borodin, ==

Kostochka and Woodall [JCT(B),1997].
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The linear k-arboricity lay(G) of G is the least integer ¢ such that G can be par-
titioned into ¢ edge-disjoint forests, whose component trees are paths of length
at most k. Clearly, la;(G) > lag11(G) for any k > 1. For extremities, la;(G)
is the edge chromatic number, or chromatic index, x'(G) of G lax(G) repre-
senting the case when component paths have unlimited lengths is the ordinary
linear arboricity la(G) of G.

The linear k-arboricity of a graph was first introduced by Habib and Peroche
[Some problems about linear arboricity. Discrete Math. 41, 219-220 (1982)].
They made the following conjecture:

Conjecture E. If GG is a graph with n vertices and £ > 2, then

nA + «

| kn/(k + l)j1
where @« = 1 when A(G) <n — 1and a = 0 when A(G) =n — 1.

lag(G) < (2
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e An edge- face coloring of a plane graph G is a coloring of E F'(G) such that
no two adjacent or incident elements receive the same color. The edge- face
chromatic number, denoted by x.¢(G), of a plane graph G is the minimal
number of colors needed for an edge-face coloring of GG. In 1975, Mel’nikov
made the following conjecture:

Conjecture F. A(G) < x.¢(G) < A(G) + 3 for every plane graph G.

The conjecture has been proved by Waller [JCT(B),1997], and Wang and
Lih [Disc. Math., 2002].

An entire coloring of a plane graph G is a coloring of V(G) U E(G) U
F(G) such that no two adjacent or incident elements receive the same color.
The entire chromatic number, denoted by x,.f(G), of G is the minimal
number of colors needed for an entire coloring of G. In 1973, Kronk and
Mitchem posed the entire coloring conjecture:

Conjecture G. A(G) +1 < xuef(G) < A(G) + 4 for every plane graph G,
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