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Domination in Graphs

I A vertex x dominates N[x ].
A Dominating set D dominates D ∪ N(D) = V (G ).

I Domination number γ(G ) = min{|D| : N[D] = V (G )}.
I Edge Removal: γ(G − e) = γ(G ) or γ(G ) + 1 [1979,1983].
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Bondage Number

I The bondage number is a measure of vulnerability of the
interconnection network under link failure.

I Definition [Fink et al., 1990]:
b(G ) = min{|F | : F ⊆ E (G ), γ(G − F ) > γ(G )}.

I Difficult to determine b(G ) in general.
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Efficient Domination

I Efficient dominating set: N[x ] ∩ N[y ] = ∅ if x , y ∈ D.

I A measure of the efficiency of domination in graphs;
NP-Complete [Bange et al 1988].

I Corresponding to perfect error correcting codes [Biggs].
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I b(G ) 6 d(x) + d(y)− 1, x 6= y , d(x , y) 6 2.

I b(G ) 6 d(x) + d(y)− 1− |N(x) ∩ N(y)|, xy ∈ E (G ).
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Lower bounds

I An edge e supports a set S of vertices if e ∈ (S ,S).

I Denote by s(G ) the smallest number of edges which support
all minimum dominating sets of G .

I b(G ) > s(G ).
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Bounds

I Let G be a vertex-transitive graph of degree k.

I

b(G ) >

{
dn(G )/2γ(G )e if G is undirected;
dn(G )/γ(G )e if G is directed.

I

b(G) 6

�
k if G is undirected and n > γ(k + 1)− k + 1;
k + 1 + l if G is directed and n > γ(k + 1)− l , 0 6 l 6 k − 1.

I If G has an efficient dominating set, then{
dk+1

2 e 6 b(G ) 6 k if G is undirected;
b(G ) = k + 1 if G is directed.
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Circulant Graphs

I Let G =
−→
C (n; 1, s). If 3 | n and s ≡ 2 (mod 3), then

b(G ) = 3.

I Let G = C (n; 1, s). If 5 | n and s ≡ ±2 (mod 5), then
b(G ) = 3.

I Harary Graphs.
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Torus

I Let G = Cs × Ct . Then b(G ) = 3 if both s and t are
multiples of 5.

I Let G = C(2t+1)k1
× C(2t+1)k2

× · · · × C(2t+1)kt
where

k1, . . . , kt are positive integers. Then b(G ) ∈ [t + 1, 2t].

I Let G =
−→
C s ×

−→
C t . Then b(G ) = 3 if both s and t are

multiples of 3.

I Let G =
−→
C (t+1)k1

×
−→
C (t+1)k2

× · · ·
−→
C (t+1)kt

for any positive
integers k1, k2, . . . , kt . Then b(G ) = t + 1.
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Other Applications

I If n = 2m − 1 for a natural number m, then
2m−1 6 b(Qn) 6 2m − 1.

I Let G = CCC (n) be the n-dimensional cube-connected cycles
with n > 3 and n 6= 5. Then γ(G ) = 2n−2n and
2 6 b(G ) 6 3. In addition, b(CCC (3)) = b(CCC (4)) = 2.
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Thank You!
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