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Abstract

A perfect matching of a graph is a collection of vertex-disjoint
edges that are collectively incident to all vertices of G. Problems
involving enumeration of perfect matchings have been examined
extensively not only by mathematicians but also by physicists
and chemists. In this talk, we introduce two methods for
enumerating perfect matchings— Pfaffian method and transfer
matrix method. Some of our recent results on enumeration of
matchings are also introduced.
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1. Introduction

Suppose G is a graph with vertex set V(G) = {v1,v9,...,v,}
and edge set £(G) ={e1,€2,...,em}.

A set M of edges in G is a matching if every vertex of
GG is incident with at most one edge in M; it is a perfect
matching if every vertex of G is incident with exactly one edge
in M. ¢r(G): the number of matchings of G with k edges.

do(G) = 1.

M (G)—number of perfect matchings of G,

5]
m(G,x) = > (—1)*¢p(G)x" 2 *~matching polynomial of G.
k=0



Problems involving enumeration of perfect matchings have
been examined extensively not only by mathematicians (see for
example [2-6]) but by physicists and chemists (see for example
[7-10]). The dimer problem (or monomer-dimer problem) in
statistical physics and enumeration of Kekulé structures of
molecular graphs in quantum chemistry are equivalent with the
problem involving enumeration of perfect matchings of graphs.
In 1961, Kasteleyn [9] introduced the Pfaffian method and
Found a formula for the number of perfect matchings of an
m X n quadratic lattice graph. Temperley and Fisher [10] used
a different method and arrived at the same result at almost
exactly the same time. Both lines of calculation showed the



logarithm of the number of perfect matchings, divided by -,
converges to 2¢/m ~ 0.58 (here c is Catalan's constant). This
limit is called the entropy per dimer of the quadratic lattice
graph by statistical physicists in the lattice gass model.

The computation of M(G) and m(G, x) is difficult: NP-hard
(Jerrum, 1987). But it is easy to compute M(G) for the
plane graph. How to compute for plane graphs? We need to
introduce the concept of the Pfaffian orientation.



2. Enumeration of perfect matchings by Pfaffians

Suppose (€ is an orientation of a simple graph G. Let
A(G®) = (b;j)nxn be the matrix of order n defined as follows:
(1 f (vi,v4) is an arc in G°,
bi; =< —1 if (vj,v;) is an arc in G°,
0 otherwise.

\
A(G®)—skew adjacency matrix of G¢. Obviously, (A(G®¢))! =
—A(G*°).

If G¢ is an orientation of a graph G and C' is a cycle of even
length, we say that C is oddly oriented in G® if C contains
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odd number of edges that are directed in G° in the direction
of each orientation of C'. Called G¢ a Pfaffian orientation of G
if every nice cycle of even length of G is oddly oriented in G°.

Theorem. |f GG° is a Pfaffian orientation of a graph G, then

M(G) = /det(A(G?)).

where A(G®) is the skew adjacency matrix of G°.

Problem: Does there exist a Pfaffian orientation for every
graph? which graphs have a Pfaffian orientation? If a graph
has a Pfaffian orientation, then how to orient it?



Pélya’s Permanent Problem (in 1913): Given a (0,1) matrix
A = (aij)nxn, is there @ B = (b;j)nxn such that

Per(A) = det(B)?
where bz’j = Q55 OF —Qyy.

The Polya Permanent Problem is equivalent to:

When does a bipartite graph have a Pfaffian orientation?



Robertson, Seymour and Thomas (Ann. Math., 1999) proved
a structural characterization of the feasible instances, which
implies a polynomial-time algorithm to solve all of the above
problems. Thomas (Pfaffian orientations of graphs, 45 minutes
lecture in 2006 ICM) gives a survey of Pfaffian orientations and
considers the case of general graphs.



Theorem (Kasteleyn, Fisher, Temperley, 1961):

Every plane graph G has a Pfaffian orientation G°¢ Every
boundary face—except possible the infinite face—has an odd
number edges oriented clockwise. Such G¢ can be constructed
in polynomial time.
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Theorem (Fisher, Kasteleyn, and Temperley, 1961) Let
G be the m x n square grid graph. Then

1
T T km [m \*
M — gmn/2 2 2
(G 1:[1:[1(608 n+1 m—I—l) ’
and the entropy, i.e., lim -2 InM(G,p) =

M, N—> 00

27

1672

27
log|4 — 2cosx — 2 cosy|dxrdy ~ 0.58.




Symmetric graphs

A plane graph G is called to be reflective symmetric if it is
invariant under the reflection across some straight line.

Let G be a reflective symmetric plane bipartite graph with
symmetry axis ¢, which we consider to be horizontal. Let
S1,t1,82,t,- -+, Sk, ti. be the vertices lying on ¢ as they occur
from left to right. Let us color the vertices of G in two
bipartition classes black and white. For definiteness, choose
the leftmost vertex lying on the symmetric axis £ to be white.
We define two subgraphs G, and G_ as follows. Perform
cutting operations above all white s;'s and black ¢;'s and below
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all black s;'s and white ¢;'s. Reduce the weight of each such
edge by half, leave all other weights unchanged. Two parts—
one lying above ¢, denoted by GG, and another lying below ¢,
denoted by G_, are obtained.

Theorem (Ciucu, JCTA, 77(1997), 67-97) Let G be a plane
weighted bipartite graph of order 2n with reflective symmetry,
which splits into two parts G. and G_ after removing the
vertices on the symmetry axis. Then

M*(G) = 2"M*(GL)M*(G_).

11



(a) (b)

Figure 1: (a) A reflective symmetric graph G. (b) The above part G
and the below part G_.
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Let G be a simple connected graph with the symmetry axis £
and assume that there are no vertices lying on ¢ (we consider
¢ to be vertical). Then the set of edges of G crossing ¢ forms
an edge cut B of G. Define GG to be the graph obtained from
GG by adding a loop to each vertex in the left half of G which
is an end vertex of an edge in edge cut B.

1

\
4
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Theorem (Yan and Zhang, Adv. Appl. Math.,
32(2004),655-668) Let G be a symmetric connected plane
simple graph with no vertices lying on the symmetry axis [,

and let G be the graph described above. Then there exists an

orientation G¢ of G such that M*(G) = | det A(G®)|, where
A(G*®) denotes the skew adjacency matrix of G°.

As applications of the above theorem, we proved the following:

* |f G contains no subgraph which is, after the contraction of
at most one cycle of odd length, and even subdivision of K3 3,
then there exists an orientation G¢ of (G s.t.

M(G x Py) = det(A(Ge) + I).
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* |f G is a bipartite graph without cycle of length 4k, then

M(G x Py) =]](1+6%,
7

where 6 ranges over all non negative eigenvalues of G.

* If T 1s a tree, then

M(T x Cy) = | [(2+ 6%,
0

M(T x Py) =] ](1+36%+6%,
%
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where the first product (resp. second product) ranges over all
eigenvalues (resp. all non-negative eigenvalues) of T

* |f T" contains a perfect matching, then

M(T x Ps) =] J(2+ o), (3)

«

where « ranges over all non negative eigenvalues of T'. Hence
M(T x C4) = [M(T x P3)]°.
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Let G be a plane weighted graph with 2n vertices. Let vertices
ai,bi,...,ak,br(2 < k <n) appear in a cyclic order on a face
of GG, and let A = {CLl, as, - - - ,ak}, B = {bl, ba, - - -, bk}

Theorem 5 (Yan, Yeh, and Zhang, TCS, 349(2005), 452-461)

For an arbitrary y =1,2,---,k, we have

M(G)M(G—-A-B) =Y M(G-a;—Y)M(G-A\{a;}-Y)

—Y M(G-W)M(G—-A-W).
where the first sum is over all odd subsets Y of B and the
second sum ranges over all non empty even subsets W of B,

Y = B\Y and W = B\W.
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Corollary 1 (Propp, TCS, 303(2003), 267-301) Let G =
(U,V) be a plane bipartite graph in which |U| = |V|. Let
vertices a, b, c, and d form a 4—cycle face in GG, a,c € U, and
b,d € V. Then

M(GYM(G — {a,b,c,d}) =

M(G —{a,b})M (G — {c,d})+
M(G —{a,d})M(G — {b,c}).
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Corollary 2 ( Kuo, TCS, 319(2004), 29-57) Let G = (U,V)
be a plane bipartite graph in which |U| = |V|. Let vertices
a,b,c, and d appear in a cyclic order on a face of G.
(1) Ifa,ce U, and b,d € V, then

M(G)M(G —{a,b,c,d}) =

M(G —Aa,b})M(G —{c,d}) + M(G —{a,d})Y M(G — {b, c});
(2) Ifa,be U, and ¢,d € V, then

M(G — {a,d})M(G — {b,c}) =
M(G)M (G —{a,b,c,d}) + M(G —{a,c})M(G — {b,d}).
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A graph G is called to be n-rotation symmetric if the cyclic
group of order n is a subgroup of the automorphism group of

G.

Theorem (Yan, Yeh, and Zhang) Let G be a simple connected
plane bipartite graph of order NV with 2n-rotation symmetry.

n—1
M(G) = || I det(4;)],
=0
where a; = COS“%T +z’sin%7T if n is odd and a; = COSW +
isin% otherwise.
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As applications of the above theorem, we count perfect
matchings of two cylinders as follows.
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Theorem (Yan, Yeh, Zhang) For the 4-6-8 lattice cylinder

GQn,’rm
M(GZn,m) —

1 n—1 1 2m—+1 2m—+1
— [(,/4+ﬁ?+ﬁj) —I—( 4-|—ﬁ32—ﬁj) ],
21 . /4_|_ﬁ2

J=0 7

- Jm £ o - (2j+1)m -

where 5; = cos<—~ if n is odd and [3; = cos-=5—— otherwise.

Hence the entropy equals

9 32
- / log(cos & + /4 + cos? z)d, ~ 0.3344.
T Jo

23






Theorem (Yan, Yeh, Zhang) For the 4-8 lattice cylinder G

2n,m?
n—1 [ 9+1662+3 [ 5+,/9+1632 .
M(Gm) =TT [L ( / ) +

2n,m ' 2 2
=0 | 2,/9+168:

\/9—|—16BJ2.—3 (5\/9+16B?> "

,

2\/94—166]2. 2

and the entropy equals

I 1
—/ log(5 + v/9 + 16 cos? z:)d, — = log 2 ~ 0.3770.
ST 0 4

Where 3; = COS% if nis odd and 3; = c:os;(Q‘j;r—T})7T otherwise.
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4-8 lattice Ginn

Theorem (Salinas, Nagle, Phys. Rev. B, 1974) For the 4-8
lattice G5, ,,, the entropy is about 0.3770.

Hence both the 4-8 lattice cylinder and the 4-8 lattice have the
same entropy!!!
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3. Enumeration of perfect matchings by transfer matrix

The method of transfer matrices is widely used in statstic
physics such as the compution of the lattice gass model,
partition function etc. Following the experimental discovery of
carbon nanotube [4, 5, 6] and the theoretical prediction of the
existence of boron-nitride nanotubes, the index Kekulé count
of nanotubes has become interesting objects of research.

Theoretically to say, an open-ended nanotube is mathematically
a hexagonal system embedded in a cylinder and a capped
nanotube consists of an open-ended nanotube capped at its
ends by two hemispherical (trivalent and 2-connected polygonal
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system) caps. For examples, the caps in a capped carbon
nanotube are composed of hexagons and (twelve) pentagons
while, in a Boron-Nitride nanotube, the caps are composed of
hexagons and (six) squares.

Sachs, Hansen and Zheng have done some significant works
on Kekulé counts in the open-ended nanotubes and gave
out, in particular, the closed formula for a special capped
carbon fullerene tubule which consists of an untwisted (or
called zigzag in some other literatures) tubule capped at its
ends by two halves of a pentagon-dodecahedron [7]. For the
hexagonal system embedding on the torus, Klein bottle and
the capped near-benzenoid nanotube (or called the cylindrical
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near-benzenoid graph in their article), Klein and Zhu established
the analytical formulae, in terms of transfer matrix and self-
avoiding walk system, to this index. In [8], Lin and Tang
set up a recurrence algorithm to the Kekulé count for two
types of the boron-nitride zigzag nanotubes and gave out the
numerical results for those of length up to 8. From their
numerical results, Lin et.al. also observed that the Kekulé
counts increase exponentially with respect to the length of the
tubule. In [9], the present authors dealt with the capped zigzag
nanotubes. A closed expression of the Kekulé count is obtained
and the asymptotic behavior is also considered.

In this section, we count the Kekulé structures on two extreme
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patterns of the twisted tubules (see [7, 10] for details): the
capped zigzag and armchair nanotubes, by using the technique
of the transfer matrix.

The zigzag tubule [7, 8, 10] is constructed by starting from
a suitable rectangular section cut from the honeycomb lattice
as shown in Figure 1(a) in which two edges of each hexagon
are parallel to the axis y: each dangling bond at the left-side
(z = 0) is identified to the corresponding

34



o O

Figure 2: (a). A rectangular section cut from the honeycomb lattice; (b). A

capped tubule and a cap

Draw a semi
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capped zigzag nanotube;
in a planar mode.



(with equal-y axis) dangling bond at the right-side(z = w).
The number A (h > 1) and w measure the length and the
circumference of the tubule (in Figure 1(a), we have h = 13
and w = 6), respectively. In the following, the layers of a
tubule of length A are always numbered by 1,2,---,h, in an
order from the top to the bottom, respectively.

The capped zigzag tubule [8, 10] T} (C, C") is constructed by
adding two suitable caps (i.e., the trivalent and 2-connected
polygonal system with some dangling bonds on its boundary)
C and C’ to the upper and lower open ends of an open-ended
zigzag tubule of length h, respectively (i.e., identifying the
corresponding dangling bonds of the open tubule with that of
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the two caps C and C"’). To be convenient, we will call a tubule
with exactly one end capped with a cap C' a semi-capped tubule
and denote it by 73, (C). Therefore, a capped tubule T}, (C, C")
could be considered to be constructed by joining a cap C’ to
the semi-capped tubule T3, (C'). One can see that the structure
of a capped tubule Tx(C,C") is determined uniquely by the
way how to join C" with T} (C'). Some examples of caps are
shown in Figure 2 and a capped tubule T} (Cy, Cy) is shown in
Figure 1(b). For the further information of caps, we may refer
to [8, 11, 12]. Let us draw a semi-capped tubule T}%(C') and a
cap C’ in a planar mode as shown in Figure 1(c).
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Figure 3: Some examples of caps.

The armchair tubule [7, 8, 10] is constructed by starting from
a suitable rectangular section cut from the honeycomb lattice
as shown in Fig. 3(a) in which two edges of each hexagon
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are parallel to the axis x: each dangling bond at the left-
side (z = 0) is identified to the corresponding (with equal-y
axis) dangling bond at the right-side(x = w). The number
h (h > 1) and w measure the length and the circumference
of the tubule (in Fig. 3(a), we have h = 16 and w = 8),
respectively. The capped armchair tubule [10] 7% (C,C") is
constructed analogously (see fig 4).
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Fig. 4: (a). A rectangular section cut from the honeycomb lattice; (b).
Example of caps; (c). An armcha{y nanotube with one end capped with

Cs.



In [16, 17], Qian and Zhang established some formula for zigzag
and armchair nanotubes by using the technique of transfer
matrix. As an example, in the following, we only discuss the
zigzag nanotubes.

For a Kekulé structure M of T,(C,C"), a vertical bond e is
said to be a double bond if e € M. It could be observed
that there is exactly one double bond between two successive
double bonds of the previous layer. So for any Kekulé structure
M, the number of double bonds in each layer are the same.
Let the bonds in each layer be numbered by 0,1,2,---, w
as illustrated in Figure 1(c). For a layer j and a subset
{1,209, -, 21} € {0,1,2,---,w — 1}, denote by zix5- - x}
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the double-bond structure (or shortly, D-B structure) when
the j-th layer has exactly k& double bonds, numbered by
x1,To, -, Tk, respectively. With no loss of generality, we
always assume that 1 < o < --- < xr. Arrange all

the possible ("“,;’) D-B structures in a suitable order, say the

lexicographic order:
X1=012---(k—2)(k—1),Xo=012--- (k — 2)k,

Xy =012 (k- 2)(k + 1),
--,X(w):(w—k)(w—k—I—l)---(w—l).

k

Consider the distribution of the double bonds in two
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neighboring, say the p-th and (p + 1)-th, layers. A D-B
structure X’ in the p-th (p € {0,1,2,---,h—1}) layer is called
a successor of the D-B structure X in the (p + 1)-th layer if
X' may immediately follow X. For an example, let w = 5 and
let the DB-structure X = 134, then all the successors of X are
013, 023, 134 and 234 as illustrated in Figure 3. The following
result is immediate.
Proposition 1. x5 - .-z is a successor of x1z9 - - -z if and
only if
1. When p+1 is odd, z; < z; < x;4.1 — 1 for each
i =1,2,---k—1,and 2, <z}, <w—1or

ri_1 <ux,<x;—1foreachi=2,--- k,and 0 < 2z} < x1—1;
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2. When p+ 1 is even, z; +1 < z; < x;41 for each
i=1,2,--- k=1, andxp +1 <2, <w-—1or
v, 1+1<z, <xz;foreachi=2--- k and 0 <z} < z7.

% 0 ) : -1 structure 012
0 | L boe— = = . :
' - In e r-in |i‘|1-.'l..‘!
0 |1 |2 |3 (4 — >B structure 134

in the (p41)-th layer

L -
0 2 13 ._l — |34
0 |1 2\”3 4

; - e -
i | 2 B b e— 123
. s
Py ,
4 I 12 W3 b o— 214

Figure 5: The DB-structure 134 in the (p + 1)-th layer and its successors.

For a D-B structure X, let k,(C, X), or ky(X) if no confusion
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can occur, be the number of Kekulé structures in the semi-
capped tubule Ty, (C) when the h-th layer has D-B structure X.
In particular, k1(C, X) is the number of Kekulé structures in

the cap C when the dangling bonds of C has the D-B structure
X.

For a cap (', we may treat it as a graph including its w dangling
bonds. Consider the automorphism group Aut(C') of C. Two
D-B structures zixo---xf and xjz5---x, of the dangling
bonds of C' are called equivalent if there is a permutation 7 on
{1,2,---,k} and an automorphism p € Aut(C) such that

p(xﬂ(z)) — LU;,’L — 17 27 T k.
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In this way, the D-B structures of the dangling bonds of C with
cardinality £ may be partitioned into some equivalence classes,
say X7, Xo, - -, Xs. For an example, the equivalence classes of
the D-B structures of Cy with cardinality 2 (see Figure 2) are

= {01,12,23, 34, 45,05}, X» = {02, 24,04}, X3 = {03, 14, 25},

X, = {13,35,15}.

From the above definition, one can see that if two D-B
structures X and X’ are in the same equivalence class, then
k1(X) = k1(X'). It can be observed that X7, Xy, .-+, X, are
also the equivalence classes of the D-B structures for each odd
layer of T} (C).
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Choose an arbitrary representative D-B structure, say X,

(a(2) € {1,2,---, (1,;’)}) from each X;,7 = 1,2,---,s,
respectively. Define the s-dimensional vector V(C) for odd h

to be

ViE(C) = (kn(Xa@)), kn(Xa@)), - kn(Xags)))-

Taking the role of C' by T5(C) and repeating the same
discussion as above, we get an equivalence classes, say
Vi,Vo,- -+, Y, for the D-B structures with cardinality k£ of
the second layer of T5(C). It can also be observed that
Vi,Vs, -+, Y, are the equivalence classes of the D-B structures
for each even layer of T} (C).
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Similarly, choose an arbitrary representative D-B structure, say

Xgy (BG) € {1,2,--+,(%)}), from each V;,i = 1,2, ¢,
respectively. Then V,’f(C’) for even h is defined analogously to
be the t-dimensional vector:

VE(C) = (kn(Xpm), kn(Xs2), - kn(Xs)))-

For two representative D-B structures X, ;) and Xg;), Let
S; and S; be the sets of all successors of X, ;) and Xpg(;),
respectively. With this notation and recalling that if two D-B
structures X and X’ are in the same equivalence class then
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k1(X) = k1(X"), when h is odd it can be seen that

t
a(z) Z kh 1 Z Z kh_l(X

XeS; J=1Xe5NY;

t

Z Xﬁ(j) |8@ ﬂyj|.

Similarly, when h is even, we have

kn( X)) = Y knoa(X)=> > kpa(X)

XGS’ J=1 XeSéij
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= Z kh—l(Xa(j)) - ‘Sz/ M Xj|.

j=1

In terms of transfer matrix 12, 13], the above discussion implies
the following result.

Proposition 2 V7(C) could be expressed by the following
recurrence relation

Vi(C) = Vy_1(C) My,

where the transfer matrix M;f Is of order t x s if h is odd: or s Xt
if his even. Furthermore, the entry ¢; ; at the (¢, j)-position of
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M} equals

- | ¥;NS; |, when his odd
Yool 1 ANS) |, when his even.

The above proposition also indicates that MF* = M}’f if [ and
h have the same parity. So it would be convenient to rewrite
M generally by MP¥ (resp., M¥) when h is even (resp., odd).
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VE(C) — Ve Mk =...=VE(MFMF)* T, when h is odd
" Vf]f—le — = V§(M§M§)%‘1, when h is even.

(1)

According to the connecting mode between T3 (C') and the
cap C’, the D-B structure X of T}(C') corresponds to a D-B
structure, say X*, of C’'. More precisely, let T},(C,C") be
constructed from T,(C) and C’ by identifying the dangling
bonds 0,1,2,---,w — 1 of Tx(C') with the dangling bonds
¢,q+1,g+2,---,g+w—1 modw of C’, respectively and let
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X = 21292 Then X* = (21 + ¢)(z2+ q) -+ (xx + q)
modw. Furthermore, we define

For a D-B structure X in the h-th layer of T}(C,C"), let
kn(C,C’, X) denote the number of the Kekulé structures in
Th(C,C") in which the h-th layer of Tx(C) has the D-B
structure X. One can verify that

kn(C,C", X)) = ki (C, X )k (C, X7).
53



Let
W(C,CL ) = Y kp(C.C X

XeX;

Let Xy, &5, -+, X and &Y, Xy, ---, X!, be the equivalence
classes of the h-th layer of T}(C') and the dangling bonds
of C’, respectively. For any X; € {X, A5, .-+, X}, define

/
S

VECN /X =D XN X ki (C, X)),

j=1

where X is the representative D-B structure of A’
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Recall that if two D-B structures X and X' are in the same
equivalence class, then k,(C,X) = k,(C,X’) for any p €
{1,2,---,h}. So we have

kn(C.C X)) = Y ku(C,C X) = ) kn(C, X))k (C, X*)

XEX XEXZ'

= kn(C, X3)- Y ki(C', X*) = kn(C, Xz)(i: Y k(C X))

XeX; J=1 XEX;-ﬂXi*

/
S

= kn(C, XZ)(Z XNXT |-k (CF, X)) = kn(C, X;)Vyr(C/ X,

g=1
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where X; and X; are the representative D-B structures of &
and X, respectively.

Let
VI(C/VE(C) = (VE(C") ) X0, VE(C!) [ Xy, - VE(C) [ Xy ).

Then by (1), we have the following result.

Proposition 3 The number of Kekulé structures in Tj,(C,C")
IS

w w

W(C,CN) = Z kn(C,C" %) = Z kn(C, X5)-VE(C) ) X;

k=1 1=1 k=1 1=1

56



S VRO (MEM® 2 (VE(C) VEC)T,  when h is odd
— | k=1

S VE(O)(MFEMFYS=L(VE(C)/VE(C))T,  when h is even.

k=1

(2)

For some tubules, for examples, T,(C;,C;),i € {1,2,3}, the
odd layer and the even layer may have the same equivalence
classes partition and the same transfer matrix, which implies
that (2) could be simplified to be

n(C,C) = Zm C)(MEY T (vEe)/vEen™.  (3)
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If the number of vertices in the upper cap is odd (resp., even),
then the term for even (resp., odd) k in the summation (1),
(2) and (3) will vanish.

Finally, consider the Boron-Nitride zigzag nanotube T =
Th(C,C"). Recall that all the polygons on the caps of T
are of even sides and therefore, all the polygons on 1" are of
even sides. So, in terms of graph theory, T' is a bipartite graph.
Colour the vertices in the upper cap C' by using two colors,
say black and red, such that any two adjacent vertices have
distinct colors. Then it can be observed that the end vertices
of the dangling bonds of C' must have the same color. Since
for any Kekulé structure M, each double bonds in M matches
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exactly one black vertex and one red vertex, so the dangling
bonds of C' contains exactly k£ = |r — b| double bonds which do
not depend on the choice of M, where b and r are the numbers
of the black and red vertices, respectively. This also implies
that each layer of T' contains exactly k = |r — b| double bonds.
Thus, the formula (2) would be simplified further to be

Kh(c’ C/) p—

(Vl (CH/VE(C)Y,  when h is odd
LR/ vy(O)Y,  when his even.

(4)

VE(C)(MEMPF) ™=
VE(C)(MEMPF)2~

l\DID ‘D
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An other algebraic expression to the number of Kekulé
structures involves the characteristic polynomial of the transfer

matrix. Let the characteristic polynomial of the transfer matrix
MFEMPE be

pA) =X —d AT Ao T2 — o (—=1)%d,,  (5)

where the coefficient d; (1 < i < s) is the sum of all main
minors of order i in the determinant det(M*M¥).

By (1), from a standard result on simultaneous relations, each
entry kn(X;) of V¥(C) satisfies a common recurrence relation
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S

kn(X5) = > (=1 dikn—2i(X;). (6)

1=1

Let &1,&2,- -+, & |&1] > |&2] = -+ > |€,|, be the roots of (5)
(i.e., the eigenvalues of the matrix M*MP¥) with multiplicity
mi,ma, -+, My, respectively. Then by standard techniques in
recursive relation (see [14] for details), we have

P . - . - | h—1
kr(X5) = (al)h™ +al,h™ 2 tad, VT, (T)
1=1
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where aft,z' =1,2,---,p;t =1,2,---,m,, are coefficient which
could be determined by k;(X,),2=1,3,---,2s — 1, and hence
could be calculated from (1). Combmmg with (2), we get

an other expression, by words of eigenvalue, to the number
Kn(C,C"):

Kh(C,C’):

- ' : h—1
ZZ Vl C/ /X Z Jhm@_l athmi_2+..._|_agmi)€i2
k=17=1 1=1
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Similarly, when h is even we have (the discussion is similar and
is omitted)

K, (C,C") =

J hmz ag2hm7;—2 S az'mz)é*zl) .

(9)

M@

>3 oty

k=1 7=1 7,:1

The above two algebraic formulae (8) and (9) also provide a
way to view the asymptotic behaviour to the number K (C,C")
which indicates that, in general, the number of Kekulé
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structures in capped zigzag nanotubes increase exponentially
with respect to the length A.

Theorem 1.
Kn(C,C") ~ R™7%¢"2 a5 h — 400,

where & is the eigenvalue of greatest modulus among all the
matrices M MP* (or MEMPF), k =1,2,---,w, satisfying

). VI(C)/VE(C) # (0,0,---,0) (or VF(C)/VI(C) #
(0,0,---,0)); and

2). 0 = max{l : a{l # 0,5 = 1,2,---,tlor s);l =
1,2,---,m1}.
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The following are the algebraic formula and the enumerating
values of K}, (C;, C;) for the caps illustrated in Figure 2.
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Table 1 The closed expressions of Kp(C;, (). i =1.2.3,4
tubnle KulCi, Ci)
Bt
i al - ; I
Th(€1.Cy) 142 2! ( -
5 3 5
=145 a2 s 2o
2 y 1% g 1 o\*"
sy | 1H2 T +E45 | 2 4 24 ) +(21,00| 1 2 2
A 1 3 15 1 3
=:+2'“+‘*+n11.:1+r:-4«v5|w2 ' b T4 42+
$((112 =84y F) x 21 4 T 43)(2 - VI
’ h—1
2 31 1 B N
o 2 d T 9 28
L+ 43 (3243
s € 1 183 2%
h L e 1
Al D 2 3 5 21
¥ & Y"1 _ -
+(2.1.0) r = ithe second expression is
St i ' too tedious and is omitted here)
g 1 3 i




I-,:!_ I: lf_-.'_i " Ir_--_i :I
i Tvpe 1}

h=1

- S

10 16 183 16 ‘ 24
(4.8 . 8.6) | 15 15 15 ;j iwhen h is odd)
8 12 16 16 18

h=1 — i s e P 4 X - i e B=l
=6 x 47T 40201 + 168+ 3)i(28 4+ 16+ 3)™T 4 (201 — 168+/3)(28 — 16+/3) T

v 8 9 3\ [
(28, 52, 60, 32) 1{_? ‘136 fi < :21:21 (when # is even)
EE B B 12
= (2172 4+ 1254/3)(28 4+ 16/ 3) T~ 4 (2172 — 1254,/3)(28 — 16/3) 7 !

ITnlCy, Cy)
i J_".I’llr_ 2

h—1 L — h=1 ity — h=
= —6x 477 4 (201 4 168+,/3)(28 4+ 16+ 3)™7T 4+ (291 — 168/ 3)i28 — 16+ 3)" T

h—=1
10 18 18 16\ ¥ 24

8 16 1& 12 18

(4. 8. 8.6) (when h 15 odd)

9 16 19 16 24
12 16 16 24

¥

1

i The value is the same as that of Tvpe 1 when & 1s even|
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Table 2 The numerical results of Kp(C;. C;).:=1.2.3.4.

h k(01 C1) kp{Ca.Ca) kp(C3, 0 g (Cy Cy i Twpe 1) &y (O Cg)i Type 2]

1 151 272 673 [TE 576

g5 701 1782 4] 4344 — the same as
Twvpe 1. herein after

3 3376 1274100 =711 32448 S2400

4 1801 03654 31TAGA 242016 -

5 B1251 (04025 2675401 1806528 1806336

6 401876 5174118 22052180 13483302 -

7 1903751 SENTHOO0 20004 1031 100641702 100641024

8 0912501 2R TTO0246 L THEGIEN0S 751107606 -

0 49350376 2147540072 1577200075 = 10 RGOTOLTAT2 SEOTOT4400

10 246062601 1602752348 = 10 1420811630 =« 10° 4185133670 = 10 -

11 1227656251 1196236735 = 10% 1288081057 « 10° 3123826360 =~ 107 3123826237 = 102

12 6128671876 SO2B5R8280 « 102 117HOTR363 « 104 2331655602 « 103 ~

13 3060850375 = 10 GE64264580 « 10°  LOTTE01T70T = 10% 1740371504 « 104 1740371400 « 104

14 1520171875 = 107 4074236787 = 10% 0008260470 = 10° 1200030074 « 10° -

15 7641308504 = 107 3712806706 = 10° 0134323628 ~ 105 0606009101 « 105 OGOGOSG180 « (08

16 3810007813 = 10° 2771271364 = 10° 8437762723 = 107 7237266062 « 10° -

17 1908908203 = 104 2068503133 = 107  TROG270265 = 105 5401960602 = 107 RA01060602 « 107

18 0542385742 = 104 1543051022 = 10%  T230457585 = 109 4032085003 = 108 -

19 4770413086 = 10° 1152420457 = 10° 6703030330 = 10'° 3000580219 « 10° 000580210 « 107

20 2384024414 = 10° 8601782366 x 107 6218252628 = 1011 2246387075 « 1010 -

21 1192360132 x 107 6420457382 x 100 5771447007 x 102 1676726811 x 1011 1676726811 x 10M

22 RORI4A3134R8 = 107 4702204480 « 11 SAIRKTOANTA « 1012 1251505030 « 1012 -
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4. Matching polynomials

The matching polynomial was also called the monomer-dimer
partition function in statistical physics by Fisher (Phys. Rev.,
124(1961), 1664). In his paper Fisher posed the problem:
Compute the matching polynomial m(G,,,, x) and the entropy

lim —= In[m(Gumn, x)|z=1] for the quadratic lattice graph

M, — 00

Gon. This is a difficult problem which has not been solved so
far!ll Particularly, no exact solutions about the monomer-dimer
problem were available (except in one dimension).

It is not difficult to see that all matchings in a graph G = (V, E)
form a simplicial complex consisting of subsets of E. In [18],
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Qian et. al., established a formula to express the matching
polynomial depend only on the maximal matching by using
techniques of Mobius inversion:

Mg(z)=z" > (—~)#*V 11— BN

2
D#N CMmax
: 1
n #M N---NM;
S RIS SRR
k=1 1<11<19<-- <1, <q

where Myax = {M1, My, ---,M,} is the set of distinct
maximal matchings in G.
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Theorem (Yan, Yeh, Zhang, 1JQC, 2005) Suppose that G is
a simple graph with n vertices having no cycle of even length
and G€ is an arbitrary orientation of G. Then

m(G,x) = det(xl, +1A(G°)),

where 2 = —1.

Theorem (Yan, Yeh, Zhang, 1JQC, 2005) Suppose that G is a
simple graph with n vertices and € edges. Then

1 o
m(G, ) = ;Ge;{)(m det(xl, +i1A(G°)),
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where the summation ranges over all orientations of G.

A related result see (Yan and Yeh, On the number of matchings
of graphs formed by a graph operation, Sci. China: Ser. A
Math., in press). In this paper, the monomer-dimer problem
for infinite many nontrivial lattice graphs was solved.

Remark: No exact solutions about the monomer-dimer problem
were available (except in one dimension) before.
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