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Abstract

A perfect matching of a graph is a collection of vertex-disjoint

edges that are collectively incident to all vertices ofG. Problems

involving enumeration of perfect matchings have been examined

extensively not only by mathematicians but also by physicists

and chemists. In this talk, we introduce two methods for

enumerating perfect matchings— Pfaffian method and transfer

matrix method. Some of our recent results on enumeration of

matchings are also introduced.



Outline

• Introduction

• Enumeration of perfect matchings by Pfaffians

• Enumeration of perfect matchings by transfer matrix

• Matching polynomials



1. Introduction

Suppose G is a graph with vertex set V (G) = {v1, v2, . . . , vn}

and edge set E(G) = {e1, e2, . . . , em}.

A set M of edges in G is a matching if every vertex of

G is incident with at most one edge in M ; it is a perfect

matching if every vertex of G is incident with exactly one edge

in M . φk(G): the number of matchings of G with k edges.

φ0(G) = 1.

M(G)–number of perfect matchings of G,

m(G, x) =
bn2c
∑

k=0

(−1)kφk(G)xn−2k–matching polynomial of G.
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Problems involving enumeration of perfect matchings have

been examined extensively not only by mathematicians (see for

example [2-6]) but by physicists and chemists (see for example

[7-10]). The dimer problem (or monomer-dimer problem) in

statistical physics and enumeration of Kekulé structures of

molecular graphs in quantum chemistry are equivalent with the

problem involving enumeration of perfect matchings of graphs.

In 1961, Kasteleyn [9] introduced the Pfaffian method and

Found a formula for the number of perfect matchings of an

m× n quadratic lattice graph. Temperley and Fisher [10] used

a different method and arrived at the same result at almost

exactly the same time. Both lines of calculation showed the

2



logarithm of the number of perfect matchings, divided by mn
2 ,

converges to 2c/π ≈ 0.58 (here c is Catalan’s constant). This

limit is called the entropy per dimer of the quadratic lattice

graph by statistical physicists in the lattice gass model.

The computation of M(G) and m(G, x) is difficult: NP-hard

(Jerrum, 1987). But it is easy to compute M(G) for the

plane graph. How to compute for plane graphs? We need to

introduce the concept of the Pfaffian orientation.
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2. Enumeration of perfect matchings by Pfaffians

Suppose Ge is an orientation of a simple graph G. Let

A(Ge) = (bij)n×n be the matrix of order n defined as follows:

bij =











1 if (vi, vj) is an arc in Ge,

−1 if (vj, vi) is an arc in Ge,

0 otherwise.

A(Ge)–skew adjacency matrix of Ge. Obviously, (A(Ge))T =

−A(Ge).

If Ge is an orientation of a graph G and C is a cycle of even

length, we say that C is oddly oriented in Ge if C contains
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odd number of edges that are directed in Ge in the direction

of each orientation of C. Called Ge a Pfaffian orientation of G

if every nice cycle of even length of G is oddly oriented in Ge.

Theorem. If Ge is a Pfaffian orientation of a graph G, then

M(G) =
√

det(A(Ge)),

where A(Ge) is the skew adjacency matrix of Ge.

Problem: Does there exist a Pfaffian orientation for every

graph? which graphs have a Pfaffian orientation? If a graph

has a Pfaffian orientation, then how to orient it?
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Pólya’s Permanent Problem (in 1913): Given a (0,1) matrix

A = (aij)n×n, is there a B = (bij)n×n such that

Per(A) = det(B)?

where bij = aij or −aij.

The Polyá Permanent Problem is equivalent to:

When does a bipartite graph have a Pfaffian orientation?
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Robertson, Seymour and Thomas (Ann. Math., 1999) proved

a structural characterization of the feasible instances, which

implies a polynomial-time algorithm to solve all of the above

problems. Thomas (Pfaffian orientations of graphs, 45 minutes

lecture in 2006 ICM) gives a survey of Pfaffian orientations and

considers the case of general graphs.
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Theorem (Kasteleyn, Fisher, Temperley, 1961):

Every plane graph G has a Pfaffian orientation Ge: Every

boundary face−except possible the infinite face−has an odd

number edges oriented clockwise. Such Ge can be constructed

in polynomial time.
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Theorem (Fisher, Kasteleyn, and Temperley, 1961) Let

Gmn be the m× n square grid graph. Then

M(Gmn) = 2mn/2
m
∏

k=1

n
∏

l=1

(

cos2
kπ

n+ 1
+ cos2

lπ

m+ 1

)
1
4

,

and the entropy, i.e., lim
m,n→∞

2
mn lnM(Gmn) =

1

16π2

∫ 2π

0

∫ 2π

0

log[4− 2 cosx− 2 cos y]dxdy ≈ 0.58.
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Symmetric graphs

A plane graph G is called to be reflective symmetric if it is

invariant under the reflection across some straight line.

Let G be a reflective symmetric plane bipartite graph with

symmetry axis `, which we consider to be horizontal. Let

s1, t1, s2, t2, · · · , sk, tk be the vertices lying on ` as they occur

from left to right. Let us color the vertices of G in two

bipartition classes black and white. For definiteness, choose

the leftmost vertex lying on the symmetric axis ` to be white.

We define two subgraphs G+ and G− as follows. Perform

cutting operations above all white si’s and black ti’s and below
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all black si’s and white ti’s. Reduce the weight of each such

edge by half, leave all other weights unchanged. Two parts–

one lying above `, denoted by G+, and another lying below `,

denoted by G−, are obtained.

Theorem (Ciucu, JCTA, 77(1997), 67-97) Let G be a plane

weighted bipartite graph of order 2n with reflective symmetry,

which splits into two parts G+ and G− after removing the

vertices on the symmetry axis. Then

M∗(G) = 2kM∗(G+)M
∗(G−).
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Figure 1: (a) A reflective symmetric graph G. (b) The above part G+

and the below part G−.
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Let G be a simple connected graph with the symmetry axis `

and assume that there are no vertices lying on ` (we consider

` to be vertical). Then the set of edges of G crossing ` forms

an edge cut B of G. Define Ḡ to be the graph obtained from

G by adding a loop to each vertex in the left half of G which

is an end vertex of an edge in edge cut B.
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Theorem (Yan and Zhang, Adv. Appl. Math.,

32(2004),655-668) Let G be a symmetric connected plane

simple graph with no vertices lying on the symmetry axis l,

and let Ḡ be the graph described above. Then there exists an

orientation Ḡe of Ḡ such that M∗(G) = | detA(Ḡe)|, where

A(Ḡe) denotes the skew adjacency matrix of Ḡe.

As applications of the above theorem, we proved the following:

? If G contains no subgraph which is, after the contraction of

at most one cycle of odd length, and even subdivision of K2,3,

then there exists an orientation Ge of G s.t.

M(G× P2) = det(A(Ge) + I).
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? If G is a bipartite graph without cycle of length 4k, then

M(G× P2) =
∏

θ

(1 + θ2),

where θ ranges over all non negative eigenvalues of G.

? If T is a tree, then

M(T × C4) =
∏

θ

(2 + θ2), (1)

M(T × P4) =
∏

θ

(1 + 3θ2 + θ4), (2)
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where the first product (resp. second product) ranges over all

eigenvalues (resp. all non-negative eigenvalues) of T .

? If T contains a perfect matching, then

M(T × P3) =
∏

α

(2 + α2), (3)

where α ranges over all non negative eigenvalues of T . Hence

M(T × C4) = [M(T × P3)]
2.
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Let G be a plane weighted graph with 2n vertices. Let vertices

a1, b1, . . . , ak, bk(2 ≤ k ≤ n) appear in a cyclic order on a face

of G, and let A = {a1, a2, · · · , ak}, B = {b1, b2, · · · , bk}.

Theorem 5 (Yan, Yeh, and Zhang, TCS, 349(2005), 452-461)

For an arbitrary j = 1, 2, · · · , k, we have

M(G)M(G−A−B) =
∑

M(G−aj−Y )M(G−A\{aj}−Y )

−
∑

M(G−W )M(G−A−W ).

where the first sum is over all odd subsets Y of B and the

second sum ranges over all non empty even subsets W of B,

Y = B\Y and W = B\W .
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Corollary 1 (Propp, TCS, 303(2003), 267-301) Let G =

(U, V ) be a plane bipartite graph in which |U | = |V |. Let

vertices a, b, c, and d form a 4−cycle face in G, a, c ∈ U , and

b, d ∈ V . Then

M(G)M(G− {a, b, c, d}) =

M(G− {a, b})M(G− {c, d})+

M(G− {a, d})M(G− {b, c}).
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Corollary 2 ( Kuo, TCS, 319(2004), 29-57) Let G = (U, V )

be a plane bipartite graph in which |U | = |V |. Let vertices

a, b, c, and d appear in a cyclic order on a face of G.

(1) If a, c ∈ U , and b, d ∈ V , then

M(G)M(G− {a, b, c, d}) =

M(G−{a, b})M(G−{c, d}) +M(G−{a, d})M(G−{b, c});

(2) If a, b ∈ U , and c, d ∈ V , then

M(G− {a, d})M(G− {b, c}) =

M(G)M(G− {a, b, c, d}) +M(G− {a, c})M(G− {b, d}).
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A graph G is called to be n-rotation symmetric if the cyclic

group of order n is a subgroup of the automorphism group of

G.

Theorem (Yan, Yeh, and Zhang) Let G be a simple connected

plane bipartite graph of order N with 2n-rotation symmetry.

M(G) =

n−1
∏

j=0

| det(Aj)|,

where αj = cos jπn + i sin jπ
n if n is odd and αj = cos (2j+1)π2n +

i sin (2j+1)π2n otherwise.
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As applications of the above theorem, we count perfect

matchings of two cylinders as follows.
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Theorem (Yan, Yeh, Zhang) For the 4-6-8 lattice cylinder

G2n,m,

M(G2n,m) =

1

2n

n−1
∏

j=0

1
√

4 + β2j

[

(√

4 + β2j + βj

)2m+1

+
(√

4 + β2j − βj

)2m+1
]

,

where βj = cos jπn if n is odd and βj = cos (2j+1)π2n otherwise.

Hence the entropy equals

2

3π

∫ π
2

0

log(cosx+
√

4 + cos2 x)dx ≈ 0.3344.
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Theorem (Yan, Yeh, Zhang) For the 4-8 lattice cylinder G∗2n,m,

M(G∗2n,m) =
n−1
∏

j=0

[

√

9+16β2
j+3

2
√

9+16β2
j

(

5+
√

9+16β2
j

2

)m

+

√

9+16β2
j−3

2
√

9+16β2
j

(

5−
√

9+16β2
j

2

)m]

,

and the entropy equals

1

8π

∫ 2π

0

log(5 +
√

9 + 16 cos2 x)dx −
1

4
log 2 ≈ 0.3770.

Where βj = cos jπn if n is odd and βj = cos (2j+1)π2n otherwise.
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Theorem (Salinas, Nagle, Phys. Rev. B, 1974) For the 4-8

lattice G∗∗2n,m, the entropy is about 0.3770.

Hence both the 4-8 lattice cylinder and the 4-8 lattice have the

same entropy!!!
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3. M. Ciucu, W. G. Yan, and F. J. Zhang, J. Combin. Theory
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3. Enumeration of perfect matchings by transfer matrix

The method of transfer matrices is widely used in statstic

physics such as the compution of the lattice gass model,

partition function etc. Following the experimental discovery of

carbon nanotube [4, 5, 6] and the theoretical prediction of the

existence of boron-nitride nanotubes, the index Kekulé count

of nanotubes has become interesting objects of research.

Theoretically to say, an open-ended nanotube is mathematically

a hexagonal system embedded in a cylinder and a capped

nanotube consists of an open-ended nanotube capped at its

ends by two hemispherical (trivalent and 2-connected polygonal
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system) caps. For examples, the caps in a capped carbon

nanotube are composed of hexagons and (twelve) pentagons

while, in a Boron-Nitride nanotube, the caps are composed of

hexagons and (six) squares.

Sachs, Hansen and Zheng have done some significant works

on Kekulé counts in the open-ended nanotubes and gave

out, in particular, the closed formula for a special capped

carbon fullerene tubule which consists of an untwisted (or

called zigzag in some other literatures) tubule capped at its

ends by two halves of a pentagon-dodecahedron [7]. For the

hexagonal system embedding on the torus, Klein bottle and

the capped near-benzenoid nanotube (or called the cylindrical
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near-benzenoid graph in their article), Klein and Zhu established

the analytical formulae, in terms of transfer matrix and self-

avoiding walk system, to this index. In [8], Lin and Tang

set up a recurrence algorithm to the Kekulé count for two

types of the boron-nitride zigzag nanotubes and gave out the

numerical results for those of length up to 8. From their

numerical results, Lin et.al. also observed that the Kekulé

counts increase exponentially with respect to the length of the

tubule. In [9], the present authors dealt with the capped zigzag

nanotubes. A closed expression of the Kekulé count is obtained

and the asymptotic behavior is also considered.

In this section, we count the Kekulé structures on two extreme
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patterns of the twisted tubules (see [7, 10] for details): the

capped zigzag and armchair nanotubes, by using the technique

of the transfer matrix.

The zigzag tubule [7, 8, 10] is constructed by starting from

a suitable rectangular section cut from the honeycomb lattice

as shown in Figure 1(a) in which two edges of each hexagon

are parallel to the axis y: each dangling bond at the left-side

(x = 0) is identified to the corresponding
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Figure 2: (a). A rectangular section cut from the honeycomb lattice; (b). A
capped zigzag nanotube; (c). Draw a semi-capped tubule and a cap
in a planar mode. 35



(with equal-y axis) dangling bond at the right-side(x = w).

The number h (h ≥ 1) and w measure the length and the

circumference of the tubule (in Figure 1(a), we have h = 13

and w = 6), respectively. In the following, the layers of a

tubule of length h are always numbered by 1, 2, · · · , h, in an

order from the top to the bottom, respectively.

The capped zigzag tubule [8, 10] Th(C,C
′) is constructed by

adding two suitable caps (i.e., the trivalent and 2-connected

polygonal system with some dangling bonds on its boundary)

C and C ′ to the upper and lower open ends of an open-ended

zigzag tubule of length h, respectively (i.e., identifying the

corresponding dangling bonds of the open tubule with that of
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the two caps C and C ′). To be convenient, we will call a tubule

with exactly one end capped with a cap C a semi-capped tubule

and denote it by Th(C). Therefore, a capped tubule Th(C,C
′)

could be considered to be constructed by joining a cap C ′ to

the semi-capped tubule Th(C). One can see that the structure

of a capped tubule Th(C,C
′) is determined uniquely by the

way how to join C ′ with Th(C). Some examples of caps are

shown in Figure 2 and a capped tubule Th(C4, C4) is shown in

Figure 1(b). For the further information of caps, we may refer

to [8, 11, 12]. Let us draw a semi-capped tubule Th(C) and a

cap C ′ in a planar mode as shown in Figure 1(c).
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Figure 3: Some examples of caps.

The armchair tubule [7, 8, 10] is constructed by starting from

a suitable rectangular section cut from the honeycomb lattice

as shown in Fig. 3(a) in which two edges of each hexagon
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are parallel to the axis x: each dangling bond at the left-

side (x = 0) is identified to the corresponding (with equal-y

axis) dangling bond at the right-side(x = w). The number

h (h ≥ 1) and w measure the length and the circumference

of the tubule (in Fig. 3(a), we have h = 16 and w = 8),

respectively. The capped armchair tubule [10] Th(C,C
′) is

constructed analogously (see fig 4).
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Fig. 4: (a). A rectangular section cut from the honeycomb lattice; (b).
Example of caps; (c). An armchair nanotube with one end capped with
C3.
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In [16, 17], Qian and Zhang established some formula for zigzag

and armchair nanotubes by using the technique of transfer

matrix. As an example, in the following, we only discuss the

zigzag nanotubes.

For a Kekulé structure M of Th(C,C
′), a vertical bond e is

said to be a double bond if e ∈ M . It could be observed

that there is exactly one double bond between two successive

double bonds of the previous layer. So for any Kekulé structure

M , the number of double bonds in each layer are the same.

Let the bonds in each layer be numbered by 0, 1, 2, · · · , w

as illustrated in Figure 1(c). For a layer j and a subset

{x1, x2, · · · , xk} ⊆ {0, 1, 2, · · · , w − 1}, denote by x1x2 · · ·xk
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the double-bond structure (or shortly, D-B structure) when

the j-th layer has exactly k double bonds, numbered by

x1, x2, · · · , xk, respectively. With no loss of generality, we

always assume that x1 < x2 < · · · < xk. Arrange all

the possible
(

w
k

)

D-B structures in a suitable order, say the

lexicographic order:

X1 = 012 · · · (k − 2)(k − 1), X2 = 012 · · · (k − 2)k,

X3 = 012 · · · (k − 2)(k + 1),

· · · , X(wk)
= (w − k)(w − k + 1) · · · (w − 1).

Consider the distribution of the double bonds in two
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neighboring, say the p-th and (p + 1)-th, layers. A D-B

structure X ′ in the p-th (p ∈ {0, 1, 2, · · · , h−1}) layer is called

a successor of the D-B structure X in the (p + 1)-th layer if

X ′ may immediately follow X. For an example, let w = 5 and

let the DB-structure X = 134, then all the successors of X are

013, 023, 134 and 234 as illustrated in Figure 3. The following

result is immediate.

Proposition 1. x′1x
′
2 · · ·x

′
k is a successor of x1x2 · · ·xk if and

only if

1. When p + 1 is odd, xi ≤ x′i ≤ xi+1 − 1 for each

i = 1, 2, · · · , k − 1, and xk ≤ x′k ≤ w − 1 or

xi−1 ≤ x′i ≤ xi−1 for each i = 2, · · · , k, and 0 ≤ x′1 ≤ x1−1;
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2. When p + 1 is even, xi + 1 ≤ x′i ≤ xi+1 for each

i = 1, 2, · · · , k − 1, and xk + 1 ≤ x′k ≤ w − 1 or

xi−1 + 1 ≤ x′i ≤ xi for each i = 2, · · · , k, and 0 ≤ x′1 ≤ x1.

Figure 5: The DB-structure 134 in the (p + 1)-th layer and its successors.

For a D-B structure X, let kh(C,X), or kh(X) if no confusion
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can occur, be the number of Kekulé structures in the semi-

capped tubule Th(C) when the h-th layer has D-B structure X.

In particular, k1(C,X) is the number of Kekulé structures in

the cap C when the dangling bonds of C has the D-B structure

X.

For a cap C, we may treat it as a graph including its w dangling

bonds. Consider the automorphism group Aut(C) of C. Two

D-B structures x1x2 · · ·xk and x′1x
′
2 · · ·x

′
k of the dangling

bonds of C are called equivalent if there is a permutation π on

{1, 2, · · · , k} and an automorphism ρ ∈ Aut(C) such that

ρ(xπ(i)) = x′i, i = 1, 2, · · · , k.
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In this way, the D-B structures of the dangling bonds of C with

cardinality k may be partitioned into some equivalence classes,

say X1,X2, · · · ,Xs. For an example, the equivalence classes of

the D-B structures of C4 with cardinality 2 (see Figure 2) are

X1 = {01, 12, 23, 34, 45, 05},X2 = {02, 24, 04},X3 = {03, 14, 25},

X4 = {13, 35, 15}.

From the above definition, one can see that if two D-B

structures X and X ′ are in the same equivalence class, then

k1(X) = k1(X
′). It can be observed that X1,X2, · · · ,Xs, are

also the equivalence classes of the D-B structures for each odd

layer of Th(C).
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Choose an arbitrary representative D-B structure, say Xα(i)

(α(i) ∈ {1, 2, · · · ,
(

w
k

)

}), from each Xi, i = 1, 2, · · · , s,

respectively. Define the s-dimensional vector Vkh(C) for odd h

to be

Vkh(C) = (kh(Xα(1)), kh(Xα(2)), · · · , kh(Xα(s))).

Taking the role of C by T2(C) and repeating the same

discussion as above, we get an equivalence classes, say

Y1,Y2, · · · ,Yt, for the D-B structures with cardinality k of

the second layer of T2(C). It can also be observed that

Y1,Y2, · · · ,Yt, are the equivalence classes of the D-B structures

for each even layer of Th(C).
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Similarly, choose an arbitrary representative D-B structure, say

Xβ(i) (β(i) ∈ {1, 2, · · · ,
(

w
k

)

}), from each Yi, i = 1, 2, · · · , t,

respectively. Then Vkh(C) for even h is defined analogously to

be the t-dimensional vector:

Vkh(C) = (kh(Xβ(1)), kh(Xβ(2)), · · · , kh(Xβ(t))).

For two representative D-B structures Xα(i) and Xβ(i), Let

Si and S ′i be the sets of all successors of Xα(i) and Xβ(i),

respectively. With this notation and recalling that if two D-B

structures X and X ′ are in the same equivalence class then
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k1(X) = k1(X
′), when h is odd it can be seen that

kh(Xα(i)) =
∑

X∈Si

kh−1(X) =

t
∑

j=1

∑

X∈Si∩Yj

kh−1(X)

=

t
∑

j=1

kh−1(Xβ(j)) · |Si ∩ Yj|.

Similarly, when h is even, we have

kh(Xβ(i)) =
∑

X∈S′i

kh−1(X) =

s
∑

j=1

∑

X∈S′i∩Xj

kh−1(X)

49



=

s
∑

j=1

kh−1(Xα(j)) · |S
′
i ∩ Xj|.

In terms of transfer matrix [12, 13], the above discussion implies

the following result.

Proposition 2 Vkh(C) could be expressed by the following

recurrence relation

Vkh(C) = Vkh−1(C)Mk
h ,

where the transfer matrixMk
h is of order t×s if h is odd; or s×t

if h is even. Furthermore, the entry ti,j at the (i, j)-position of
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Mk
h equals

ti,j =

{

| Yi ∩ Sj |, when h is odd

| Xi ∩ S
′
j |, when h is even.

The above proposition also indicates that M k
l = Mk

h if l and

h have the same parity. So it would be convenient to rewrite

Mk
h generally by Mk

e (resp., Mk
o ) when h is even (resp., odd).
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Thus,

Vkh(C) =

{

Vkh−1M
k
o = · · · = Vk1 (M

k
eM

k
o )

h−1
2 , when h is odd

Vkh−1M
k
e = · · · = Vk2 (M

k
oM

k
e )

h
2−1, when h is even.

(1)

According to the connecting mode between Th(C) and the

cap C ′, the D-B structure X of Th(C) corresponds to a D-B

structure, say X∗, of C ′. More precisely, let Th(C,C
′) be

constructed from Th(C) and C ′ by identifying the dangling

bonds 0, 1, 2, · · · , w − 1 of Th(C) with the dangling bonds

q, q + 1, q + 2, · · · , q +w − 1 modw of C ′, respectively and let
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X = x1x2 · · ·xk. Then X∗ = (x1 + q)(x2 + q) · · · (xk + q)

modw. Furthermore, we define

X ∗i = {X∗ : X ∈ Xi}.

For a D-B structure X in the h-th layer of Th(C,C
′), let

kh(C,C
′, X) denote the number of the Kekulé structures in

Th(C,C
′) in which the h-th layer of Th(C) has the D-B

structure X. One can verify that

kh(C,C
′, X) = kh(C,X)k1(C

′, X∗).
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Let

kh(C,C
′,Xi) =

∑

X∈Xi

kh(C,C
′, X).

Let X1,X2, · · · ,Xs and X ′1,X
′
2, · · · ,X

′
s′ be the equivalence

classes of the h-th layer of Th(C) and the dangling bonds

of C ′, respectively. For any Xi ∈ {X1,X2, · · · ,Xs}, define

Vk1 (C
′)/Xi =

s′
∑

j=1

|X ′j ∩ X
∗
i | · k1(C

′, X ′j),

where X ′j is the representative D-B structure of X ′j.
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Recall that if two D-B structures X and X ′ are in the same

equivalence class, then kp(C,X) = kp(C,X
′) for any p ∈

{1, 2, · · · , h}. So we have

kh(C,C
′,Xi) =

∑

X∈Xi

kh(C,C
′, X) =

∑

X∈Xi

kh(C,X)k1(C
′, X∗)

= kh(C,Xi)·
∑

X∈Xi

k1(C
′, X∗) = kh(C,Xi)·(

s′
∑

j=1

∑

X∈X ′
j∩X

∗
i

k1(C
′, X))

= kh(C,Xi)·(

s′
∑

j=1

|X ′j∩X
∗
i |·k1(C

′, X ′j)) = kh(C,Xi)·V
k
1 (C

′)/Xi,
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where Xi and X ′j are the representative D-B structures of Xi
and X ′j, respectively.

Let

Vk1 (C
′)/Vkh(C) = ( Vk1 (C

′)/X1,V
k
1 (C

′)/X2, · · · ,V
k
1 (C

′)/Xs ).

Then by (1), we have the following result.

Proposition 3 The number of Kekulé structures in Th(C,C
′)

is

Kh(C,C
′) =

w
∑

k=1

s
∑

i=1

kh(C,C
′,Xi) =

w
∑

k=1

s
∑

i=1

kh(C,Xi)·V
k
1 (C

′)/Xi
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=















w
∑

k=1

Vk1 (C)(Mk
eM

k
o )

h−1
2 (Vk1 (C

′)/Vk1 (C))T, when h is odd

w
∑

k=1

Vk2 (C)(Mk
eM

k
o )

h
2−1(Vk1 (C

′)/Vk2 (C))T, when h is even.

(2)

For some tubules, for examples, Th(Ci, Ci), i ∈ {1, 2, 3}, the

odd layer and the even layer may have the same equivalence

classes partition and the same transfer matrix, which implies

that (2) could be simplified to be

Kh(C,C
′) =

w
∑

k=1

Vk1 (C)(Mk
e )

h−1(Vk1 (C
′)/Vk1 (C))T. (3)
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If the number of vertices in the upper cap is odd (resp., even),

then the term for even (resp., odd) k in the summation (1),

(2) and (3) will vanish.

Finally, consider the Boron-Nitride zigzag nanotube T =

Th(C,C
′). Recall that all the polygons on the caps of T

are of even sides and therefore, all the polygons on T are of

even sides. So, in terms of graph theory, T is a bipartite graph.

Colour the vertices in the upper cap C by using two colors,

say black and red, such that any two adjacent vertices have

distinct colors. Then it can be observed that the end vertices

of the dangling bonds of C must have the same color. Since

for any Kekulé structure M , each double bonds in M matches
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exactly one black vertex and one red vertex, so the dangling

bonds of C contains exactly k = |r− b| double bonds which do

not depend on the choice of M , where b and r are the numbers

of the black and red vertices, respectively. This also implies

that each layer of T contains exactly k = |r− b| double bonds.

Thus, the formula (2) would be simplified further to be

Kh(C,C
′) =

{

Vk1 (C)(Mk
eM

k
o )

h−1
2 (Vk1 (C

′)/Vk1 (C))T, when h is odd

Vk2 (C)(Mk
eM

k
o )

h
2−1(Vk1 (C

′)/Vk2 (C))T, when h is even.

(4)
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An other algebraic expression to the number of Kekulé

structures involves the characteristic polynomial of the transfer

matrix. Let the characteristic polynomial of the transfer matrix

Mk
eM

k
o be

p(λ) = λs − d1λ
s−1 + d2λ

s−2 − · · ·+ (−1)sds, (5)

where the coefficient di (1 ≤ i ≤ s) is the sum of all main

minors of order i in the determinant det(M k
eM

k
o ).

By (1), from a standard result on simultaneous relations, each

entry kh(Xj) of V
k
h(C) satisfies a common recurrence relation
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[13], i.e.

kh(Xj) =

s
∑

i=1

(−1)i+1dikh−2i(Xj). (6)

Let ξ1, ξ2, · · · , ξp, |ξ1| ≥ |ξ2| ≥ · · · ≥ |ξp|, be the roots of (5)

(i.e., the eigenvalues of the matrix M k
eM

k
o ) with multiplicity

m1,m2, · · · ,mp, respectively. Then by standard techniques in

recursive relation (see [14] for details), we have

kh(Xj) =

p
∑

i=1

(aji1h
mi−1 + aji2h

mi−2 + · · ·+ ajimi
)ξ

h−1
2

i , (7)
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where ajit, i = 1, 2, · · · , p; t = 1, 2, · · · ,mp, are coefficient which

could be determined by ki(Xj), i = 1, 3, · · · , 2s− 1, and hence

could be calculated from (1). Combining with (2), we get

an other expression, by words of eigenvalue, to the number

Kh(C,C
′):

Kh(C,C
′) =

w
∑

k=1

s
∑

j=1

(

(Vk1 (C
′)/Xj)

p
∑

i=1

(aji1h
mi−1 + aji2h

mi−2 + · · ·+ ajimi
)ξ

h−1
2

i

)

.

(8)
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Similarly, when h is even we have (the discussion is similar and

is omitted)

Kh(C,C
′) =

w
∑

k=1

t
∑

j=1

(

(Vk1 (C
′)/Yj)

p
∑

i=1

(aji1h
mi−1 + aji2h

mi−2 + · · ·+ ajimi
)ξ

h
2−1
i

)

.

(9)

The above two algebraic formulae (8) and (9) also provide a

way to view the asymptotic behaviour to the number Kh(C,C
′)

which indicates that, in general, the number of Kekulé
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structures in capped zigzag nanotubes increase exponentially

with respect to the length h.

Theorem 1.

Kh(C,C
′) ∼ hm1−δξh/2, as h→ +∞,

where ξ is the eigenvalue of greatest modulus among all the

matrices Mk
eM

k
o (or Mk

3M
k
e ), k = 1, 2, · · · , w, satisfying

1). Vk1 (C
′)/Vk1 (C) 6= (0, 0, · · · , 0) (or Vk1 (C

′)/Vk2 (C) 6=

(0, 0, · · · , 0)); and

2). δ = max{l : aj1l 6= 0, j = 1, 2, · · · , t(or s); l =

1, 2, · · · ,m1}.
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The following are the algebraic formula and the enumerating

values of Kh(Ci, Cj) for the caps illustrated in Figure 2.
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4. Matching polynomials

The matching polynomial was also called the monomer-dimer

partition function in statistical physics by Fisher (Phys. Rev.,

124(1961), 1664). In his paper Fisher posed the problem:

Compute the matching polynomial m(Gmn, x) and the entropy

lim
m,n→∞

1
mn ln[m(Gmn, x)|x=1] for the quadratic lattice graph

Gmn. This is a difficult problem which has not been solved so

far!!! Particularly, no exact solutions about the monomer-dimer

problem were available (except in one dimension).

It is not difficult to see that all matchings in a graph G = (V,E)

form a simplicial complex consisting of subsets of E. In [18],
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Qian et. al., established a formula to express the matching

polynomial depend only on the maximal matching by using

techniques of Möbius inversion:

MG(z) = zn
∑

∅6=N⊆Mmax

(−1)#N−1(1−
1

z2
)#∩N

= zn
q
∑

k=1

(−1)k−1
∑

1≤i1<i2<···<ik≤q

(1−
1

z2
)#Mi1

∩···∩Mik

where Mmax = {M1,M2, · · · ,Mq} is the set of distinct

maximal matchings in G.
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Theorem (Yan, Yeh, Zhang, IJQC, 2005) Suppose that G is

a simple graph with n vertices having no cycle of even length

and Ge is an arbitrary orientation of G. Then

m(G, x) = det(xIn + iA(Ge)),

where i2 = −1.

Theorem (Yan, Yeh, Zhang, IJQC, 2005) Suppose that G is a

simple graph with n vertices and ε edges. Then

m(G, x) =
1

2ε

∑

Ge∈Φ(G)

det(xIn + iA(Ge)),
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where the summation ranges over all orientations of G.

A related result see (Yan and Yeh, On the number of matchings

of graphs formed by a graph operation, Sci. China: Ser. A

Math., in press). In this paper, the monomer-dimer problem

for infinite many nontrivial lattice graphs was solved.

Remark: No exact solutions about the monomer-dimer problem

were available (except in one dimension) before.
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hydrocarbons, Lecture Notes in Chemistry, 46(Springer-

Verlag, Berlin, 1988).

[2] L. Pauling, The natural of chemical bond(Cornell

University press, Ithaca, 1932).

[3] P.W. Kasteleyn, Physica, 27(1961)1209-2255.

[4] S. Iijima, Nature, 345(1991)56-58.

[5] S. Iijima, T. Ichihashi, Nature (London), 363(1993)603.

74



[6] D.S. Bethune, C.H. Kiang, M.S. de Vries, G. Gorman,

R. Savoy, J. Vazquez, R. Reyers, Nature (London),

363(1993)605.

[7] H. Sachs, P. Hansen, M. Zheng, Communications in Math.

and Comput. Chem., 33(1996)169-241.

[8] C.D. Lin and P. J. Chem. Inf. Comput. Sci., 44(2004)13-20.

[9] J.G. Qian and F.J. Zhang, Kekulé count in capped armchair
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